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Error analysis is the study and evaluation of uncertainty in measurement. Experience
has shown that no measurement, however carefully made, can be completely free
of uncertainties. Because the whole structure and application of science depends on
measurements, the ability to evaluate these uncertainties and keep them to a mini-
mum is crucially important.

This first chapter describes some simple measurements that illustrate the inevita-
ble occurrence of experimental uncertainties and show the importance of knowing
how large these uncertainties are. The chapter then describes how (in some simple
cases, at least) the magnitude of the experimental uncertainties can be estimated
realistically, often by means of little more than plain common sense.

I.I Errors as Uncertainties

attends all measurements. As such, errors are not mistakes; you cannot eliminate
them by being very careful. The best you can hope to do is to ensure that errors are

later. For now, error is used exclusively in the sense of uncertainty, and the two
words are used interchangeably.

|.2 Inevitability of Uncertainty

To illustrate the inevitable occurrence of uncertainties, we have only to examine any
everyday measurement carefully. Consider, for example, a carpenter who must mea-

sure the height of a doorway before installing a door. As a first rough measurement,
he might Rimply look at the dnnrway and estimate its height as 210 cm. This crude
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“measurement” is certainly subject to uncertainty. If pressed, the carpenter might
express this uncertainty by admitting that the height could be anywhere between
205 cm and 215 cm. 3
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If he wanted a more accurate measurement, he would use a tape measure and
might find the height 1s 211.3 ¢cm. This measurement 1s certainly more precise than
his original estimate, but it is obviously still subject to some uncertainty, because it
is impossible for him to know the height to be exactly 211.3000 cm rather than
211.3001 cm, for example.

veral of w r
this book. Some causes could be removed if the carpenter took enough trouble. For
example, one source of uncertainty might be that poor lighting hampers reading of
the tape; this problem could be corrected by improving the lighting.

On the other hand, some sources of uncertainty are intrinsic to the process of
measurement and can never be removed entirely. For example, let us suppose the
carpenter’s tape is graduated in half-centimeters. The top of the door probably will
not coincide precisely with one of the half-centimeter marks, and if it does not, the
carpenter must estimate just where the top lies between two marks. Even if the top
happens to coincide with one of the marks, the mark itself is perhaps a millimeter

,,,,,

Wlde; so he must esiimaie Ju where the [Op lies within the mark. In either case,

mined to find h helght of the doo w1th the greatest precision techmcally possible,

he could buy an expensive laser interferometer. But even the precision of an interfer-

ometer is limited to distances of the order of the \xmvplpnofh of hohf (about
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0.5 %10~ meters). Although the carpenter would now be able to measure the height
with fantastic precision, he still would not know the height of the doorway exactly.

Furthermore, as our carpenter strives for greater precision, he will encounter an
important problem of principle. He will certainly find that the height is different in
different places. Even in one place, he will find that the height varies if the tempera-
ture and humidity vary, or even if he accidentally rubs off a thin layer of dirt. In
other words, he will find that there is no such thing as the height of the doorway.
This kind of problem is called a problem of definition (the height of the door is not a
well-defined quantity) and plays an important role in many scientific measurements.

Our carpenter’s experiences illustrate a point generally found to be true, that is,
that no physical quantity (a length, time, or temperature, for example) can be mea-
until they are extremely small, but to eliminate them entirely is impossible.

In everyday measurements, we do not usually bother to discuss uncertainties.
Sometimes the uncertainties s1mp1y are not 1nterest1ng If we say that the distance

small, the doo will (fo all practical purposes) be a perfect ﬁt, and h1s concern w1th

CITOT aIlalySIS is at an end.




|.3 Importance of Knowing the Uncertainties

(9]

Our example of the carpenter measuring a doorway illustrates how uncertainties are
always present in measurements. Let us now consider an example that illustrates

more clearly the crucial importance of knowing how big these uncertainties are.

Suppose we are faced with a problem like the one said to have been solved by

Archimedes. We are asked to find out whether a crown is made of 18-karat gold, as
claimed, or a cheaper alloy. Following Archimedes, we decide to test the crown’s

density p knowing that the densities of 18-karat gold and the suspected alloy are
Pgota = 15.5 gram/cm?
and

Patoy = 13.8 gram/cm’.

If we can measure the density of the crown, we should be able (as Archimedes
suggested) to decide whether the crown is really gold by comparing p with the
known densities pgold and Pauoy-

experts are summarized in Figure 1. 1
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Figure i.i. Two measurements of the density of a supposediy goid crown. The two black dots
show George’s and Martha’s best estimates for the density; the two vertical error bars show their

margins of error, the ranges within which they believe the density probably lies. George’s uncer-

tamty is so large that both gold and the suspected al]oy fall within hlS margins of error; there-

ably smaller, and her measurement shows clearly that the crown is not made of go]d
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The first point to notice about these results is that although Martha’s measure-
ment is much more precise, George’s measurement is probably also correct. Each
expert states a range within which he or she is confident p lies, and these ranges
overlap; so it is perfectly possible (and even probable) that both statements are
correct.

N hat—tt . G , . | hat hi
results are of no use. The densities of 18-karat gold and of the alloy both lie within
his range, from 13.5 to 16.5 gram/cm’; so no conclusion can be drawn from
George’s measurements. On the other hand, Martha’s measurements indicate clearly
that the crown is not genuine; the density of the suspected alloy, 13.8, lies comfort-
ably inside Martha’s estimated range of 13.7 to 14.1, but that of 18-karat gold,
15.5, is far outside it. Evidently, if the measurements are to allow a conclusion, the
experimental uncertainties must not be too large. The uncertainties do not need to be
extremely small, however. In this respect, our example is typical of many scientific
measurements, for which uncertainties have to be reasonably small (perhaps a few

almost useless
The most important point about our two experts’ measurements is this: Like

most scientific measurements, tth would both have been useless if thev had not
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included reliable statements of the1r uncertainties. In fact, 1f we knew only the two
best estimates (15 for George and 13.9 for Martha), not only would we have been
unable to draw a valid conclusion, but we could actually have been misled, because
George’s result (15) seems to suggest the crown is genuine.

I.4 More Examples

The examples in the past two sections were chosen, not for their great importance,
but to introduce some principal features of error analysis. Thus, you can be excused
for thinking them a ittle contrived. It is easy, however, to think of examples of

In the applied sciences, for example, the engineers designing a power plant
must know the characteristics of the materials and fuels they plan to use. The manu-
facturer of a pocket calculator must know the properues of its various electronic

having measured them, must establish their reliability, which requires error analysis.
Engineers concerned with the saIety of a1rp1anes trams or cars must understand the
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In the basic sciences, error analysis has an even more fundamental role. When
any new theory is proposed, it must be tested against older theories by means of
one or more experiments for which the new and old theories predict different out-
comes. In principle, a researcher simply performs the experiment and lets the out-
come decide between the rival theories. In practice, however, the situation is compli-
cated by the inevitable experimental uncertainties. These uncertainties must all be
analyzed carefully and their effects reduced until the experiment singles out one
acceptable theory. That is, the experimental results, with their uncertainties, must be
consistent with the predictions of one theory and inconsistent with those of all
known, reasonable alternatives. Obviously, the success of such a procedure depends
critically on the scientist’s understanding of error analysis and ability to convince
others of this understanding.

A famous example of such a test of a scientific theory is the measurement of
the bending of light as it passes near the sun. When Einstein published his general
theory of relativity in 1916, he pointed out that the theory predicted that light from

s al)

a star would be bent tnrougn an angle a=18" as it pass€s near the sun. The

lagt 1 14 Azt A { — M nd
SilllpleSL classica aeory wowia préaici no Ubﬁulng (& = vy, and a more careful

analyslq would nredlct (aq Einstein himself noted in 1()11\ bendin ng through

classica
an angle @ = 0.9". In principle, all that was necessary was to observe a star when
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henomenon) if o were found to be 0 or 0.9”, general relat1V1tV would be wrong
and one of the older theories right.

In practice, measuring the bending

was possible only during a solar eclipse. Nonetheless, in 1919 it was successfully
measured by Dyson, Eddington, and Davidson, who reported their best estimate as
a = 2", with 95% confidence that it lay between 1.7” and 2.3”.! Obviously, this

result was consistent with general relativity a__d inconsistent with either of the older
predictions. Therefore, it gave strong support to Emstern s theory of general rela-
tivity.

At the time, this result was controversial. Many people suggested that the uncer-
tainties had been badly underestimated and hence that the experiment was inconclu-
sive. Subsequent experiments have tended to confirm Einstein’s prediction and to
vindicate the conclusion of Dyson, Eddington, and Davidson. The important point

here is that the whole question hinged on the experimenters’ ability to estimate

. reliably all their uncertainties and to convince everyone else they had doneso.
Students in introductory physics laboratories are not usually able to conduct

definitive tests of new theories. Often, however, they do perform experiments that

test exrstmg pnysrcal theories. For example Newton’s tneory of gravrty prearcts that

dents can conduct experiments to test whether this predlctron is correct. At first, this
kind of experiment may seem artificial and pointless because the theories have obvi-

(thlosophzcal Transactlons of the Royal Soctety, 220A 1920 291) I have converted the probable error
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established in Chapter 5.
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ously been tested many times with much more precision than possible in a teaching

Iaboratory. Nonetheless, 1f you understand the crucial role of error analysis and
accept the challenge to make the most precise test possible with the available equip-
ment, such experiments can be interesting and instructive exercises.

|.5 Estimating Uncertainties VWhen Reading Scales

Thus far, we have considered several examples that illustrate why every measure-
ment suffers from uncertainties and why their magnitude is important to know. We
have not yet discussed how we can actually evaluate the magnitude of an uncer-
tainty. Such evaluation can be fairly complicated and is the main topic of this book.
Fortunately, reasonable estimates of the uncertainty of some simple measurements
are easy to make, often using no more than common Sense. Here and in Section

wﬂl allow you to begin using error analysm in your expenments and will form the
basis for later discussions

The first example is a measurement using a marked scale, such as the ruler in
Figure 1.2 or the 'volmeter in Figure 1.3. To measure the length of the pencil in

millimeters
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Figure 1.2, Measuring a length with a ruler.

Figure 1.2, we must first place the end of the pencil opposite the zero of the ruler

and then decide where the tip comes to on the ruler’s scale. To measure the voltage
in Figure 1.3, we have to decide where the needle points on the voltmeter’s scale.

If we assume the ruler and voltmeter are reliable, then in each case the main prob-

|
I
|

Figure i.3. A reading on a voitmeter.




Section 1.5 Estimating Uncertainties VWWhen Reading Scales 9

lem is to decide where a certain point lies in relation to the scale markings. (Of

“Ourse, if there is any pOSSlUlllly the ruler and volimelter are not rCllleC we will

| ke thi o T
The markings of the ruler in Figure 1.2 are fairly close together (1 mm apart).
We mlght reasonably decide that the length shown is undoubtedly closer to 36 mm

(@]

than it is to 35 or 37 mm but that no more precise reading is possible. In this case,
we would state our conclusion as
best estimate of length = 36 mm, (1.1)

probable range: 35.5 to 36.5 mm

and would say that we have measured the length to the nearest millimeter.

This type of conclusion—that the quantity lies closer to a given mark than to
either of its neighboring marks—is quite common. For this reason, many scientists
introduce the convention that the statement “/ = 36 mm” without any qualification

e A an that 1 :c ~lagcpr tn 24 than ta 28 e 27, that ig
is presumca to mean that / is closer to 36 than to 35 or 37; that iS,
/| = 36 mm

means

;;;;;;;;;;;;;

In the same way, an answer such as x = 1.27 without any stated uncertainty would
be presumed to mean that x lies between 1.265 and 1.275. In thlS book, I do not

use this convention but instead always indicate un inties expli

you need to understand the convention and know that it applies to any number
stated without an uncertainty, especially in this age of pocket calculators, which
display many digits. If you unthinkingly copy a number such as 123.456 from your

calculator without any qualification, then your reader is entitled to assume the num-

CRIQ0D WAL &Y {Rrallliallon, Uikl DAY 23 CILItiCU 1V assul

ber is definitely correct to six 51gn1ﬁcant figures, which is very unlikely.

The markings on the voltmeter shown in Figure 1.3 are more widely spaced
than those on the ruler. Here, most observers would agree that you can do better
than simply identify the mark to which the pointer is closest. Because the spacing

is larger, you can realistically estimate where the pointer lies in the space between
two marks. Thus, a reasonable conclusion for the voltage shown might be

best estimate of voltage = 5.3 volts, (1.2)

e: 5.2 to 5.4 volts,

The process of estimating positions between the scale markings is called interpola-
tion. It is an important technique that can be improved with practice.

Different observers might not agree with the precise estimates given in Equa-
tions (1.1) and (1.2). You might well decide that you could interpolate for the length
in Figure 1.2 and measure it with a smaller uncertainty than that given in Equation
(1.1). Nevertheless, few people would deny that Equations (1.1) and (1.2) are rea-
sonable estimates of the quantities concerned and of their probable uncertainties.
Thus, we see that approximate estimation of uncertainties is fairly easy when the

iy problem is to . edt-scate:
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|.6 Estimating Uncertainties in Repeatable Measurements

Many measurements involve uncertainties that are much harder to estimate than
those connected with locating points on a scale. For example, when we measure a

time interval using a stopwatch, the main source of uncertainty is not the difficulty

of reading the dial but our own unknown reaction time in starting and stopping the

watch. Sometimes these kinds of uncertainty can be estimated reliably, if we can
repeat the measurement several times. Suppose, for example, we time the period of

a pendulum once and get an answer of 2.3 seconds. From one measurement, we
can’t say much about the experimental uncertainty. But if we repeat the measure-
ment and get 2.4 seconds, then we can immediately say that the uncertainty is
probably of the order of 0.1 s. If a sequence of four timings gives the results (in
seconds),

23,24,25,2.4, (1.3)

then we can begin to make some fairly realistic estimates.
First, a natural assumption is that the best estimate of the period is the average?

Second, another reasonably safe assumption is that the correct period lies be-
tween the lowest value, 2.3, and the highest, 2.5. Thus, we might reasonably con-

’ (1.4)

best estimate = average = 2.4
0

‘11

an ob]ectlve Value for the uncertamty, 1ndependent of the observer S 1nd1v1dual judg-

ment.> Nevertheless, the estimate in statement (1.4) represents a simple, realistic

conclusion to draw from the four measurements in (1.3)

AU =il ALALL RAIL AU AUVASUIVILIVIIW 111 (1. ).

Repeated measurements such as those in (1.3) cannot always be relied on to

reveal the uncertainties. First, we must be sure that the quantity measured is really

the same quantity each time. Suppose, for example, we measure the breaking
strength of two supposedly identical wires by breaking them (something we can’t
do more than once with each wire). If we get two different answers, this difference
may indicate that our measurements were uncertain or that the two wires were not

really identical. By itself, the difference between the two answers sheds no light on
the reliability of our measurements.

21 will prove in Chapter 5 that the best estimate based on several measurements of a quantity is almost

always the average of the measurements:
3 Also, a proper statistical treatment usually gives a smaller uncertainty than the full range from the lowest

to the highest observed value. Thus, upon looking at the four timings in (1.3), we have judged that the period
is “probably” somewhere between 2.3 and 2.5 s. The statistical methods of Chapters 4 and 5 let us state with
70% confidence that the r\pr!nr‘l lies in the smaller rangce of 2.36 tg 2.44 ¢

........................ 0ae Siiianacl Hgl Ul £4.00 0 &.595 6.




Section 1.6 Estimating Uncertainties in Repeatable Measurements 11

Even when we can be sure we are measuring the same quantity each time,
repeated measurements do not always reveal uncertainties. For exar
timings made with it will be 5% too long, and no amount of repeating (with the
same clock) will reveal this deficiency. Errors of this sort, which affect all measure-
ments in the same way, are called systematic errors and can be hard to detect, as
discussed in Chapter 4. In this example, the remedy is to check the clock against a
more reliable one. More generally, if the reliability of any measuring device 1s In

doubt, it should clearly be checked against a device known to be more reliable.

Avarmnl A;nn-:nnad in tlr\:n d th rarsina

The cxamples discussed in this and the previou
uncertainties sometimes can be estimated easily. On the other hand, many measure-
ments have uncertainties that are not so easily evaluated. Also, we ultimately want
more precise values for the uncertainties than the simple estimates just discussed.
These topics will occupy us from Chapter 3 onward. In Chapter 2, I assume tempo-
rarily that you know how to estimate the uncertainties in all quantities of interest,
so that we can discuss how the uncertainties are best reported and how they are
used in drawing an experimental conclusion.

tinn chaw that avnarimantal
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Chapter 2
-~ HowtoReportandUse

Uncertainties

Having read Chapter 1, you should now have some idea of the importance of experi-
mental uncertainties and how they arise. You should also understand how uncertain-
ties can be estimated in a few simple situations. In this chapter, you will learn some
basic notations and rules of error analysis and study examples of their use in typical

OIS T s 1
1

experiments in a physics 1aborat01y. The aim is to niliarize you with the basic

Sections 2. 7 to 2.9 introduce fractional uncertainty and discuss its significance.

2.1 Best Estimate *= Uncertainty

We have seen that the correct way to state the result of measurement is to give a
best estimate of the quantity and the range within which you are confident the
quantity lies. For example, the result of the timings discussed in Section 1.6 was
reported as
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. (2.1)

S
N & g
Lad

Q

+
U

Here, the best estimate, 2.4 s, lies at the midpoint of the estimated range of probable
values, 2.3 to 2.5 s, as it has in all the examples. This relationship is obviously
natural and pertains in most measurements. It allows the results of the measurement

to be expressed in compact form. For example. the measurement of the time re-
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corded in (2.1) is usually stated as follows:

measured value of time = 2.4 = 0.1 s. (2.2)

stated as
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Chapter 2: How to Report and Use Uncertainties

This statement means, first, that the experimenter’s bes estimate for the quantity
1 - ; A
U

the uncertainty, or error, or margin of error in the measurement of x. For conve-
nience, the uncertamty ox is always defined to be posmve so that x. + Ox is

o aagiira
e Hivasuliv

I'have intentionally leit the meaning of the range x,.,, — 0x 10 X, T OX SOme-
what vague, but it can sometimes be made more precise. In a simple measurement

Si1 ch ac that of the heiocht of a doorwav we can
oA ao L o AAA uu

ilv <tate a ranoe Sv
chn 1at oI e neignt 61 a goorway, 1y state

a Iange Xpeg
t0 Xu. + Ox within which we are absolutely certain the measured quantity lies.
Unfortunately, in most scientific measurements, such a statement is hard to make.
In particular, to be completely certain that the measured quantity lies between
Xpest — Ox and x,., + Ox, we usually have to choose a value for ox that is too large
to be useful. To avoid this situation, we can sometimes choose a value for ox that
lets us state with a certain percent confidence that the actual quantity lies within the
range x,. = Ox. For instance, the public opinion polls conducted during elections
are traditionally stated with margins of error that represent 95% confidence limits.

The statement that 60% of the electorate favor Candidate A, with a margin of error

o

percent of voters favoring Candidate A is between 57 and 63; in other words, after
many elections, we should expect the correct answer to have been inside the stated
marglns of error 95% of the times and outside these margms omy 5% of the times.

we understand the statistical laws that govern the process of measurement. I return
to this point in Chapter 4. For now, let us be content with defining the uncertainty
dx so that we are “reasonably certain” the measured quantity lies between x, ., — ox
and x,. + Ox.

Quick Check' 2.1. (a) A student measures the length of a simple pendulum
and lepGrtS his best estimate as 110 mm and the range in which the length

probably lies as 108 to 112 mm. Rewrite this result in the standard form (2.3).
(b) If another student reports her measurement of a current as / = 3.05 *= 0.03
amps, what is the range within which / probably lies?

2.2 Significant Figures

everal basic Tu r stating u ainties are worth emphasizing. First, au
the quantity ox is an estimate of an uncertainty, obviously it should not be stated

!These “Quick Checks” appear at intervals through the text to give you a chance to check your understand-

ing of the concept just introduced. They are straightforward exercises, and many can be done in your head. I
urge you to take a moment to make sure you can do them; if you cannot, you should reread the preceding
few paragraphs.




Section 2.2 Significant Figures

with too much precision. If we measure the acceleration of gravity g, it would be
absurd to state a result like

(measured g) = 9.82 + 0.02385 m/s*. (2.4)

Ruie for Stating Uncertainties B
Experimental uncertainties should almost always be (2.5)
rounded to one SIgmﬁcant figure.

Thus, if some calculation yields the uncertainty 8g = 0.02385 m/s?, this answer
should be rounded to 8g = 0.02 m/s?, and the conclusion (2.4) should be rewritten
as

I8y —
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An important practical consequence of this rule is that many error calculations can
be carried out mentally without using a calculator or even pencil and paper.
The rule (2.5) has only one significant exception. If the leading digit in the

example, suppose that some calculation gave the uncertainty ox = 0.14. Rounding
this number to 6x = 0.1 would be a substantial proportionate reduction, so we could
argue that retaining two figures might be less misleading, and quote dx = 0.14. The
same argument could perhaps be applied if the leading digit is a 2 but certainly not

if it is any larger.
Once the uncertainty in a measurement has been estimated, the significant fig-
ures in the measured value must be considered. A statement such as

= +

is obviously ridiculous. The uncertainty of 30 means that the digit 5 might really be
as small as 2 or as large as 8. Clearly the trailing digits 1, 7, and 8 have no signifi-
cance at all and should be rounded. That is, the correct statement of (2.7) is

measured speed = 6050 + 30 m/s. (2.8)

The general rule is this:

Rule for Stating Answers

The last significant figure in any stated answer should
B e Y tha (2'9)

o
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16 Chapter 2: How to Report and Use Uncertainties

For example, the answer 92.81 with an uncertainty of 0.3 should be rounded as

o Q n~2
T & O L U.J.

If its uncertainty is 3, then the same answer should be rounded as
93 + 3,

and if the uncertainty is 30, then the answer should be

90 = 30.
An imnnrtant analificatinn tn rmilag D) 8Y and (D N 1¢ ag fallaweg: Thn radnecs
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inaccuracies caused by rounding, any numbers to be used in subsequent calculations
should normally retain at least one significant figure more than is finally justified.
At the end of the calculations, the final answer should be rounded to remove these
extra, insignificant figures. An electronic calculator will happily carry numbers with
far more digits than are likely to be significant in any calculation you make in a
laboratory. Obviously, these numbers do not need to be rounded in the middle of a
calculation but certainly must be rounded appropriately for the final answers.?

Note that the uncertainty in any measured quantity has the same dimensions as
the measured quantity itself. Therefore, writing the units (m/s?, cm?, etc.) after both
answer ar i i a ical, i i
(2.6) and (2.8). By the same token, if a measured number is so large or small that
it calls for scientific notation (the use of the form 3 X 10° instead of 3,000, for
example), then it is simpler and clearer to put the answer and uncertainty in the

—same formx. Forexample, theresst——— —7—7—72 0 n € [-dé/ 77—
measured charge = (1.61 + 0.05) X 10~'? coulombs

is much easier to read and understand in this form than it would be in the form

— —19 —-21

i)

~~ L | ) 1 " " i) s 1 £ a1 11 b 4 he Al 4
UICK LhecK 4.4, KREWILC €acn OI the Iolowing measurcments 1in 1its most

appropriate form:
(@) v = 8.123456 * 0.0312 m/s
(b) x = 3.1234 X 10* + 2m
(© m = 5.6789 X 1077 + 3 X 107 kg.

2.3 Discre

Before I address the question of how to use uncertainties in experimental reports, a
few important terms should be introduced and defined. First, if two measurements

ZRule (2.9) has one more small exception. If the leading digit in the uncertainty is small (a 1 or, perhaps,
a 2), retaining one extra digit in the final answer may be appropriate. For example, an answer such as 3.6 = 1
is quite acceptable because one could argue that rounding it to 4 = 1 would waste information.




Section 2.3 Discrepancy 1/

of the same quantity disagree, we say there is a discrepancy. Numerically, we define
the discrepancy between two measurements as their difference:

dzscrepancy - drfference between two measured (2.10)
va]ues of the same quantlty

More specifically, each of the two measurements consists of a best estimate and an
uncertamty, and we deﬁne the dlscrepancy as the difference between the two best

)
=h
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Student A: 15 = 1 ohms

and

=
v
)
Ch
I+
)

1CYy Illay d Il c S LJICArit.

- J el
ments just discussed are 1llustrated in hlgure l(a), which shows clearly that the
discrepancy of 10 ohms is significant because no single value of the resistance is
compatible with both measurements. Obviously, at least one measurement is incor-
rect, and some careful checking is needed to find out what went wrong,.
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estimate, shown by a block dot, and a range of probable values, shown by a vertical error bar.
The discrepancy (difference between the two best estimates) is 10 ohms and is significant be-
cause it is much larger than the combined uncertainty in the two measurements. Almost cer-
tainly, at least one of the exnerlmenters made a mistake. (b) Two dlfferent measurements of the

stated margins of error overlap There is no reason to doubt either measurement (although they
could be criticized for being rather imprecise).
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Suppose, on the other hand, two other students had reported these results:

and
Student D: 26 + 9 ohms.

Here again, the discrepancy is 10 ohms, but in this case the discrepancy is insignifi-

cant because, as shown 1n Figure 2.1(b), the two students” margins ot error overlap
comfortably and both measurements could well be correct. The discrepancy between

+ o ntqg f th hanld L ad nnt et h te g
WO measurements 61 in€ same Yy Sn0uiaG o€ aSsesset not j'dm. Oy 1S SiZ8

but, more importantly, by how big it is compared with the uncertainties in the
measurements.

In the teaching laboratory, you may be asked to measure a quantity that has
been measured carefully many times before, and for which an accurate accepted
value is known and published, for example, the electron’s charge or the universal
gas constant. This accepted value is not exact, of course; it is the result of measure-
ments and, like all measurements, has some uncertainty. Nonetheless, in many cases
the accepted value is much more accurate than you could possibly achieve yourself.
For example, the currently accepted value of the universal gas constant R is

(accepted R) = 8.31451 = 0.00007 J/(mol-K). (2.11)

As expected, this value is uncertain, but the uncertainty is extremely small by the
standards of most teacmng laboratories. Thus, when you compare your measured

value as exact.’

Although many experiments call for measurement of a quantity whose accepted
value is known, few require measurement of a quantity whose true value is known.*
In fact, the true value of a measured quantity can almost never be known exactly

and is, in fact, hard to define. Nevertheless, discussing the difference between a
measured value and the corresponding true value is sometimes useful. Some authors
call this difference the true error.

2.4 Comparison of Measured and Accepted Values

Performin

Performing

A few experlments may have mamly quahtatlve results—-the appearance of an inter-
ference pattern on a ripple tank or the color of light transmitted by some optical
system—but the vast majority of experiments lead to quantitative conclusions, that
is, to a statement of numerical results, It is lmnnrmnt to re(‘nom7e that the statement

of a single measured number is completely uninteresting. Statements that the density

3This is not always so. For example if you look up the refractive index of glass, you find values rangmg
IIOII] 1 _) to 1 y UCPCllUlllg on I.llU LUHlpUblllUll Ul I.IlC gldbb lll an cxpcumcm 10 measure LllU lClldLllVC lllUC)&
of a piece of glass whose composition is unknown, the accepted value is therefore no more than a rough guide

to the expected answer.
“Here is an example: If you measure the ratio of a circle’s circumference to its diameter, the true answer is
exactly 7. (Obviously such an experiment is rather contrived.)




Section 24 Comparison of Measured and Accepted Values

-
¢ C
€

T 340 —

E 3307 T— I; ——————— ———— - <— accepted value

E T |

o 1 I B

320

Figure 2.2. Three measurements of the speed of sound at standard temperature and pressure.
Because the accepted value (331 m/s) is within Student A’s margins of error, her result is satis-
factory. The accepted value is just outside Student B’s margin of error, but his measurement is
nevertheless acceptable. The accepted value is far outside Student C’s stated margins, and his
measurement is definitely unsatisfactory.

(]
cart was measured as 0.051 + 0. 004 kg m/s are, by themselves of no interest. An
interesting conclusion must compare two or more numbers: a measurement with
the accepted value, a measurement with a theoretically predicted value, or several

physical law. It is in such comparison of numbers that error analysis is so important.
This and the next two sections discuss three typical experiments to illustrate how
the estimated uncertainties are used to draw a conclusion.

Perhaps the simplest type of experiment is a measurement of a quantity whose

accepted value is known. As discussed, this exercise is a somewhat artificial experi-
ment peculiar to the teaching laboratory. The procedure is to measure the quantity,
estimate the experimental uncertainty, and compare these values with the accepted

value. Thus, in an experiment to measure the speed of sound in air (at standard
temperature and pressure), Student A might arrive at the conclusion
A’s measured speed = 329 * 5 m/s, (2.12)
comnared with the
\/Ulllyul\/u YY 1ull uvilw
accepted speed = 331 m/s. (2.13)
Student A might choose to display this result graphically as in Figure 2.2. She
should certainly include in her report both Equations (2.12) and (2.13) next to each

other, so her readers can clearly appreciate h esult. She should probablv add an

explicit statement that because the accepted value lies inside her margins of error,

her measurement seems satisfactory.
The me;mmo of the uncertaintv &x is that the correct value of x nrnbabl

alillil city & jaw ol &

between x,.... — Ox and x,.., + Ox; it is certainly possibie that the correct value lies

—
i »
(9]
V2]

slightly outside this range. Therefore, a measurement can be regarded as satisfactory
even if the accepted value lies slightly outside the estimated range of the measured
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value. For example, if Student B found the value

he could certainly claim that his measurement is consistent with the accepted value
of 331 m/s.
Vi YRRV N PR N IR | bV LV PR R | 1 - b 11 . I a1 — L Y A
un 1ne owner nand, 11 ine accepied valuc 18 well outsidae ine margins oL Crror
(the discrepancy is appreciably more than twice the uncertainty, say), there is reason

to think something has gone wrong. For example, suppose the unlucky Student C
finds

(Vg meoagqurad gnaad — 248 4+ D m/q (7 14\
O l1ivaosulivua Ol_l\./\tu [ Ly U RN AA § 8 VA \L. l-l'}

compared with the
accepted speed = 331 m/s. (2.15)
CQtizdnmt Mo Aicnvnmaonagy 10 1A wmalo lialh T casran 4.,..,\” hhhhh thnw hic octatnd
DLUUCLIt U D UlbblClJallL«y lb 1“|' lll/b, Wlllbll lb SCVCIL LIS u1ggcr Lilall 11y stalcud
uncertainty (see Figure 2.2). He will need to check his measurements and calcula-

tions to find out what has gone wrong.
Unfortunately, the tracing of C’s mistake may be a tedious business because of
1t
L

ho aanguiramaoant

hiliticg Ha havae mada qtalra in ™ Q0
L 1C IMICdSUICincins U

o v arn nnggQl a1
11v 1Huliivivus PUDDIUIII 1vd. 11v 1ua_y muavwe ulauu Cl llllblal\\/ 111

calculations that led to the answer 345 m/s. He may have estimated his uncertainty
incorrectly. (The answer 345 * 15 m/s would have been acceptable.) He also might
be comparing his measurement with the wrong accepted value. For example, the

(2.14) was not taken at standard temperature. In fact if the measurement was made
at 20°C (that is, normal room temperature), the correct accepted value for the speed

of sound is 343 m/s, and the measurement would be entirelv acceptable

e 113/ 59 QEiNG LAV 1V ASUIVIIVIIL VY VUL Tainiibiay QML LVPhGUaL.

Finally, and perhaps most likely, a discrepancy such as that between (2.14) and
(2.15) may indicate some undetected source of systematic error (such as a clock
that runs consistently slow, as discussed in Chapter 1). Detection of such systematic
errors (n nes that consisten tlv mmh the result in one duecu@n) T

ing of the calibration of all instruments and detailed review of

Many experiments involve measuring two numbers that theory predicts should be
equal. For example, the law of conservation of momentum states that the total mo-
mentum of an isolated system is constant. To test it, we might perform a series of
experiments with two carts that collide as they move along a frictionless track. We

collide and check whether p =g within experimental uncertainties. For a single pair
of measurements, our results could be

- ~ s

So_tat 1 e . — 14 AN l N Ny 1 e
initial momentum p = 1.49 = 0.03 kg'm/s

and

final momentum ¢ = 1.56 *= 0.06 kg-m/s.
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Figure 2.2, Measured values of the total mementum of two carts before (p) and after (g) a col-
lision. Because the margins of error for p and ¢ overlap, these measurements are certainly consis-

tent with conservation of momentum (w ich 1mp11es that p and g should be equal).

Here, the range in which p probably lies (1.46 to 1.52) overlaps the range in which
q probably lies (1.50 to 1.62). (See Figure 2.3.) Therefore, these measurements are
consistent with conservation of momentum. If, on the other hand, the two probable
ranges were not even close to nve*rlanmn;r the measurements would be inconsistent

with conservation of momentum, and we would have to check for mistakes in our
measurements or calculations, for possible systematic errors, and for the possibility
that some external forces (such as gravity or friction) are causing the momentum of
the system to change.

If we repeat similar pairs of measurements several times, what is the best way

to display our results? First, using a table to record a sequence of similar measure-
ments is usually better than listing the results as several distinct statements. Second,
the uncertainties often differ little from one measurement to the next. For example,
we might convince ourselves that the uncertainties in all measurements of the initial

momentum p are about p = 0.03 kg-m/s and that the uncertainties in the final g
are all about g = 0.06 kg:m/s. If so, a good way to display our measurements
would be as shown in Table 2.1.

Table 2.1. Measured momenta (kg'm/s).

Trial Initial momentum p Final momentum g
nuumhar {211 -0 N2 (211 40 NAY
1Huiliuvvl \(,Ill —_ U.UJ} \uu —_— U-UU}

1 1.49 1.56

3.10 3.12

3 2.16 2.05
etc.

For each pair of measure ge of values for p overlaps (or

nearly overlaps) the range of Values for his overlap continues for all measure-

" m

n ! a
q. It

[l

ments, our results can be pronounced cons1stent with conservation of momentum.
Note that our experiment does not prove conservation of momentum; no experiment
can. The best you can hope for is to conduct many more trials with progressively
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smaller uncertainties and that all the results are consistent with conservation of

momentumn.

checking that each final momentum q is consistent with the corresponding initial
momentum p could be tedious. A better way to display the results would be to add

cnbizmmn that 1ig tha Aiffarnnnn Tf crnmmnntizme 10 AangAaToAa

F +1. A thha
a 1our Lll LCUlLULLLT Lllal. llblb Lllb Qiricrences }} - l.l 11 mMomeintum lD LULIdLLI VeU, lllCDC

values should be consistent with zero. The only difficulty with this method is that

we must now compute the uncertainty in the difference p — ¢q. This computation is
performed as follows. Suppose we have made measurements

(mPncand \ =
and

(measured q) = Gp. = 6q.

The numbers p,., and g, are our best estimates for p and g. Therefore, the best
estimate for the difference (p — q) IS (Ppest — Gpest)- 1O ﬁnd the uncertainty in
(p — q), we must decide on the highest and lowest probable values of (p — ¢g). The
highest value for (p — q) would result if p had its largest probable value,

DPpest T Op, at the same time that g had its smallest value q,., — 6q. Thus, the

uuuuuuuuu

IllgIlel pIUUdUlC lel.lC for P~ q lb

highest probable value = (P, — Goesr) + (6P + 89). (2.16)
S mllarly, the lowest probable value arises when p is smallest (py., — Op), but g is
SN Thic

targest (oo + 0¢)- Thus;

lowest probable value = (puese = Gres) — (6P + 89). (2.17)

Combining Equations (2.16) and (2.17), we see that the uncertainty in the difference
(p — q) is the sum 8p + O6q of the original uncertainties. For example, if

p = 149 + 0.03 kg'm/s

and
g = 1.56 + 0.06 ke-m/s
1 (=] =y
then
N — a7 — N + NNA Lro.mn/c
1./ 11 U — V.U 1\5 111/ 9.

We can now add an extra column for p — g to Table 2.1 and arrive at Table
2.2

Table 2.2. Measured momenta (kg-m/s).

Trial Initial p Final ¢ Difference p—gq
number (all £0.03) (all £0.06) (all £0.09)
1 1.49 1.56 —0.07
2 3.10 3.12 —0.02
3 2.16 2.05

etc.
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Figure Z.4. Three irials in a test of the conservation of momentum. The student has measured
the total momentum of two carts before and after they collide (p and g, respectively). If momen-
tum is conserved, the differences p — ¢ should all be zero. The plot shows the value of p — ¢
with its error bar for each trial. The expected value O is inside the margins of error in trials 1
and 2 and only slightly outside in trial 3. Therefore, these results are consistent with the conser-
vation of momentum.

Whether our resulis are consisteni with conservaiion of momentum can now be seen

zero (that is, are less than, or comparable with, the uncertainty 0.09). Alternatively,
and perhaps even better, we could plot the results as in Figure 2.4 and check visu-
ally. Yet another way to achieve the same effect would be to calculate the ratios
q/p, which should all be consistent with the expected value g/p = 1. (Here, we

would need to calculate the uncertainty in g/p, a problem discussed in Chapter 3.)
Our discussion of the uncertainty in p — q applies to the difference of any two
measured numbers. If we had measured any two numbers x and y and used our

measured values to compute the difference x — v hv the aroument l“Qf oiven. the

(SIS S B L 07 L W) § L 9 &) wIv Giguiiviie g 5 FPRN S S A

resultlng uncertainty in the difference would be the sum of the separate uncertainties
in x and y. We have, therefore, established the following provisional rule:

Uncertainty in a Difference

(Provisional Rule)

If two quantities x and y measured with uncertainties éx
and Sv and if the meas ed 1 es x and y are used to calculat
the difference ¢ = x — vy, the uncertainty in g is the sum of
the uncertainties in x and y:
o0q = ox + oy. (2.18)

I call this rule “provisional” because we will find in Chapter 3 that the uncertainty
in the quantity ¢ = x — y is often somewhat smaller than that given by Equation
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(2. 18) Thus we will be replacmg the pr0V1510nal rule (2.18) by an 1mproved”

a somewhat smaller uncertainty for g, you w1ll want to use it when approprlate For
now, however, let us be content with the provisional rule (2.18) for three reasons:

N Tha wila 1Q ndargtand ch mare gn than tha nraoved rala of
\1} 10 ruc \4. .LU} 10 casy {0 unacrstanc—imucn more SO tnan ine lllll.lluvbu Ui O1

Chapter 3. (2) In most cases, the difference between the two rules is small. (3) The
rule (2.18) always gives an upper bound on the uncertainty in g = x — y; thus, we

know at least that the uncertainty in x — y is never worse than the answer given in
(2.18)
\

L«-lU}-

The result (2.18) is the first in a series of rules for the propagation of errors.
To calculate a quantity g in terms of measured quantities x and y, we need to know
how the uncertainties in x and y “propagate” to cause uncertainty in g. A complete
discussion of error propagation appears in Chapter 3.

Quick Check 2.3. In an experiment to measure the latent heat of ice, a student
adds a chunk of ice to water in a styrofoam cup and observes the change in
temperature as the ice melts. To determine the mass of ice added, she weighs

e cup of water before and after she adds the ice an en take I .

If her two measurements were

(mass of cup & water) = m; = 203 £ 2 grams

1
AN 1

(mass of cup, water, & ice) = m, = 246 = 3 grams,

find her answer for the mass of ice, m, — m,, with its uncertainty, as given by
the provisional rule (2.18).

2.6 Checkin

o
. TNl S

Many physical laws imply that one quantity should be proportional to another. For
example, Hooke’s law states that the extension of a spring is proportional to the

force stretching it, and Newton’s law says that the acceleration of a bodv is propor-

WRiiiig Ay Gaile L Wil S iaW LiaGL AT Gl Lava Gl A

tional to the total applied force. Many experiments in a teaching laboratory are
designed to check this kind of proportionality.

If one quantity y is proportional to some other quantity x, a graph of y against
x is a straight line through the origin. Thus, to test whether y is proportional to x,
you can plot the measured values of y agamst those of x and note whether the
resulting points do lie on a straight line through the origin. Because a straight line
is so easily recognizable, this method is a simple, effective way to check for propor-
tionality.

To iliustrate this use of graphs, iet us imagine an experiment to test Hooke’s
law. This law, usually written as F© = kx, asserts that the extension x of a spring is
proportional to the force F stretching it, so x = F/k, where k is the “force constant”
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of the spring. A simple way to test this law is to hang the spring vertically and
suspend various masses m from ii. Here, the force F is the weighi mg of the load;
- so the extension should be
mg 8)
x = —/— = [Z]|m. 2.19
5= (2.19)

The extension x should be proportional to the load m, and a graph of x against m
should be a straight line through the origin.

If we measure x for a variety of different loads m and plot our measured values
of x and m, the resulting points almost certainly will not lie exacily on a straight
line. Suppose, for example, we measure the extension x for eight different loads m

and get the results shown in Table 2.3. These values are plotted in Figure 2.5(a),

Table 2.3. Load and extension.

Load m (grams) 200 300 400 500 600 700 800 900
(6m negligible)

4.6 5.4

[\
oo
e
~
[§%])
wn

Extension x (cm) 1.1 1.5 1.9
(all £0.3)

sonably close to all eight points. As we should have expected, the eight points do
not lie exactly on any line. The question is whether this result stems from experi-
mental uncertainties (as we would hope), from mistakes we have made, or even
from the possibility the extension x is not proportional to m. To answer this question,

we must consider our uncertainties.
As usual, the measured quantities, extensions x and masses m, are subject to
uncertainty. For simplicity, let us suppose that the masses used are known very

arcnirataly that tha rio hla €n Aan tho athar hand
allul awn_y, SO ulat i uupuuauu_y il m 1S uuéuéxuu, uuppuou, Uil ulC Uuili 1iaiid,

that all measurements of x have an uncertainty of approximately 0.3 cm (as indi-
cated in Table 2.3). For a load of 200 grams, for example, the extension would
probably be in the range 1.1 + 0.3 cm. Our first experimental point on the graph
th

“Fl m — onn oramec <NnmMm III'IPI"P ]‘\ fwean b n Q Ol'\l']
v (V192 § e @
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x = 1.4 cm. This range is indicated in Figure 2.5(b), which shows an error bar
through each point to indicate the range in which it probably lies. Obviously, we
should expect to find a straight line that goes through the origin and passes through

or close to all the error bars. Pur ure 2. Q(h\ has such a line. so we conclude that the

ST e Lee eieC \V ) HaS Sulaa a 1111y SV UiV viian

data on which Figure 2.5(b) is based are consistent with x being proportional to m.

We saw in Equation (2.19) that the slope of the graph of x against m is g/k. By
measuring the slope of the line in Figure 2.5(b), we can therefore find the constant
k of the spring. By drawing the steepest and least steep lines that fit the data reason-

ably well, we could also find the uncertainty in this value for k. (See Problem 2.18.)
If the best straight line misses a high proportion of the error bars or if it misses

any by a large distance (compared with the length of the error bars), our results
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Figure 2.5. Three plots of extension x of a spring against the load m. (a) The data of Table 2.3
without error bars. (b) The same data with error bars to show the uncertainties in x. (The uncer-

taintiec in m are assumed to he nealioible ) Thege data are congistent with the exnected nronor-
Laiuces I 777 4T absSullitl 10 OC LUgiigival. ) 11050 Gdwd Al CONLSISITHL Wil wib CAPULILG PrUpUl

fionality of x and m. (¢) A ditferent set of data, which are inconsistent with x being proportional
to m.

would be inconsistent with x being proportional to m. This situation 18 1llustrated in
Figure 2.5(c). With the results shown there, we would have to recheck our measure-
ments and calculations (including the calculation of the uncertainties) and consider
whether x is not proportional to m for some reason. [In Figure 2 S(c)i for instance

§i2 B85 ws ) RO LIV AL SUILIC 1045011 111 il £ I8 AUL 1S ti4lite,

the first five points can be fitted to a straight line through the origin. This situation

suggests that x may be proportional to m up to approximately 600 grams, but that
Hooke’s law breaks down at that point and the spring starts to stretch more rapidly.|

Thus far, we have supposed that the uncertainty in the mass (which is plotted
along the horizontal axis) is negiigibie and that the oniy uncertainties are in x, as

shown by the vertical error bars. If both x and m are subject to appreciable uncer-
tainties the simplest way to display them is to draw vertical and horizontal error
bars, whose lengths show the uncertainties in x and m respectively, as in Figure 2.6.
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Figure 2.6. Measurements that have uncertainties in both variables can be shown by crosses
made up of one error bar for each variable.

m

Each cross in this plot corresponds to one measurement of x and m, in which x
probably lies in the interval defined by the vertical bar of the cross and m probably
in that defined by the horizontal bar.

sllghtly more comphcated possibility is that some quantlty may be expected

freely falling object in a time ¢ is d = 3 gt2 and is proportlonal to the square of ¢.)
Let us suppose that y is expected to be proportional to x*. Then

N
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Figure 2.7. (a) If y is proportional to x%, a graph of y against x should be a parabola with this
general shape. (b) A plot of y against x for a set of measured values is hard to check visually for
fit with a parabola. (c) On the other hand, a plot of y against x> should be a straight line through
the origin, which is easy to check. (In the case shown, we see easily that the points do fit a
straight line through the origin )
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In the same w ay, 1 if y Ax" (wher s any power), a graph of y agamst x"

ear relation (that is, one that gives a curved—nonhnear—graph) can be converted
into a linear one by a clever choice of variables to plot. Sectlon 8 6 dlscusses an
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Often one variable y depends exponentionally on another variable x:

y = AéP.

3
(¢
N

For such relations, the natural logarithm of y is easily shown to be linear in x; that
is, a graph of In(y) against x should be a straight line for an exponential relationship.

Many other, nongraphical ways are available to check the proportionality of two
quantities. For example, if y «x, the ratio y/x should be constant. Thus, having
tabulated the measured values of y and x, you could simply add a column to the
table that shows the ratios y/x and check that these ratios are constant within their
experimental uncertainties. Many calculators have a built-in function (called the
correlation coefficient) to show how well a set of measurements fits a straight line.
(This function is discussed in Section 9.3.) Even when another method is used to
such as those in Figures 2.5(b) and (c) show clearly how well (or badly) the mea-
surements verify the predictions; drawing such graphs helps you understand the
experiment and the physical laws involved.

2.7 Fractional Uncertainties

The uncertainty dx in a measurement,

(measured X) = Xpeg = O,

one mile would indicate an unusually precise measurement, whereas an uncertainty
of one inch in a distance of three inches would indicate a rather crude estimate.
Obviously, the quality of a measurement is indicated not just by the uncertamty

Sx but also hv the ratio of éx to x; whic

vur QidSy Tiiv Werly Ui LA W Apegtr Yigiax (o3 LU 02 o2 LU0 R S S A FalesUTeled

uncertamty,

5The absolute value |x| of a number x is equal to x when x is positive but is obtained by omitting the minus
sign if x is negative. We use the absolute value in (2.21) to guarantee that the fractional uncertainty, like the
uncertainty Ox itself, is always positive, whether x,,. is positive or negative. In practice, you can often arrange
matters so that measured numbers are positive, and the absolute-value signs in (2.21) can then be omitted.
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tainty ox is sometimes called the absolute uncertainty to avoid confusion with the
fractional unceriainiy.

I . 4 . Se i ] er
measured value x,... Because the fractional uncertainty dx/|x,.| is therefore usually
a small number multlplymg i by 100 and quotmg it as the percentage uncertainty

length / = 50 + 1 cm (2.22)
has a fractional uncertainty
ol 1 cm 0.02
o] 50 cm ’

and a percentage uncertainty of 2%. Thus, the result (2.22) could be given as
length / = 50 cm =+ 2%.

Note that although the absolute uncertainty 6/ has the same units as /, the fractional
uncertainty 8//|l,..| is a dimensionless quantity, without units. Keeping this differ-

ence in mind can hp]n you avoid the common mistake of confusine absolute uncer-
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tainty with fractional uncertainty.
The fractional uncertainty is an approximate indication of the quality of a mea-

surement, whatever the size of the quantity measured. Fractional uncertainties of
10% or so are usually characteristic of fairly rough measurements. (A rough mea-
surement of 10 inches might have an uncertainty of 1 inch; a rough measurement
of 10 miles might have an uncertainty of 1 mile.) Fractional uncertainties of 1 or
2% are characteristic of reasonably careful measurements and are about the best to
hope for in many experiments in the introductory physics laboratory. Fractional
uncertainties much less than 1% are often hard to achieve and are rather rare in the
introductory laboratory.

These divisions are, of course, extremely rough. A few simple measurements
can have fractional uncertainties of 0.1% or less with little trouble. A good tape
measure can easily measure a distance of 10 feet with an uncertainty of 15 inch, or
approximately 0.1%; a good timer can easily measure a period of an hour with an
uncertainty of less than a second, or 0.03%. On the other hand, for many quantities
that are very hard to measure, a 10% uncertainty would be regarded as an experi-
mentai Lrlumpn Ldrge pCIbCIlldgC uanI’[dll’llle [HCICIOIC do not HCCCSSdIlly mean
that a measurement is scientifically useless. In fact, many important measurements
in the history of physics had experimental uncertainties of 10% or more. Certainly

plenty can be learned in the mtroductory physws laboratory from equipment that

has a minimuin uuCEi‘taimy [§)

sured as K = 4.58 J + 2%; rewrite this finding in terms of its absolute uncer-
talnty (Because the uncertainties should be given to one significant figure, you

o 1m ouniie haad)
IS5 111 yuu1 ncad. )
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2.8 Significant Figures and Fractional Uncertainties

- fractional inty-is-closely refatedto-the famitiar motion-of

significant figures. In fact, the number of significant figures in a quantity is an
approximate indicator of the fractional uncertainty in that quantity. To clarify this
connection, let us review briefly the notion of significant figures and recognize that
this concept is both approximate and somewhat ambiguous.

To a mathematician, the statement that x = 21 to two significant figures means
unambiguously that x is closer to 21 than to either 20 or 22; thus, the number 21,
with two significant figures, means 21 = 0.5. To an experimental scientist, most
numbers are numbers that have been read off a meter (or calculated from numbers
read off a meter). In particular, if a digital meter displays two significant figures and
reads 21, it may mean 21 = 0.5, but it may also mean 21 *= 1 or even something
hke 21 = 5. (Many meters come with a manual that explains the actual uncertaint-

¢ ITTndar age o1 ancrag tha gtatoamant tha a maagnrad nimhar hag twn
} Uiliuvil l,ll\.u)\.« “i alivvo, WwUIiv dstatviiiviit l.llal. a liivasulvu liuliitvwvl 1iads Lywwuy

significant figures is only a rough indicator of its uncertainty. Rather than debate
exactly how the concept should be defined, I will adopt a middle-of-the-road defini-
tion that 21 with two significant figures means 21 + 1, and more generally that a

number with N sionificant ﬁnnrpc hag an nncertainty of ahout 1 in the Mth dioit
numoer with N signiiy rés nas an uncertamily of abvoul 1 1 ne aigit.

Let us now consider two numbers,

uncertainty, Wthh in this case is 5%:

ox &y

1
4 1 71 n
A Yy L1 v

Evidently, the statement that the numbers 21 and 0.21 (or 210, or 2.1, or 0.0021,
etc.) have two significant figures is equivalent to saying that they are 5% uncertain.
In the same way, 21. U with three 51gn1ncant ngures is 0. 3% uncertain, and so on.

statement that s = 10, with two significant figures, means

s = 101 or 10 + 10%.

At the opposite extreme, ¢t = 99 (again with two significant figures) means

t =9 +1 or 99 *+ 1%.

Evidently, the fractional uncertainty associated with two significant figures ranges
from 1% to 10%, depending on the first digit of the number concerned.

The approximate correspondence between significant figures and fractional un-
certainties can be summarized as in Table 2.4.
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Table 2.4. Approximate correspondence

hotweon cionifirant ficnrag and frastinnal
Uwvilvyvwilal Olslllll\.«alll 115\.11\.40 alilu l1iawviuiviial
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uncertainties.
Corresponding fractional
Number of uncertainty is
significant
figures between or roughly

1 10% and 100% 50%

2 1% and 10% 5%

3 0.1% and 1% 0.5%

2.9 Multiplying Two Measured Numbers

Perhaps the greatest importance of fractional errors emerges when we start multi-
plying measured numbers by each other. For example, to find the momentum of a
body, we might measure its mass m and its velocity v and then multiply them to
give the momentum p = mv. Both m and v are subject to uncertainties, which we

will have to estimate. The problem, then, is to find the uncertainty in p that results

from the known uncertainties in m and v.
First, for convenience, let us rewrite the standard form

(measured value of x) = x,., = Ox

(3 55)

in terms of the fractional uncertainty, as

ox

]

, o - { \ A A
(measured value of x) = xbeslkl * ) (2.23)

bestt

For example, if the fractional uncertainty is 3%, we see from (2.23) that

{ 3
(measured value of x) = xbestl\ 1+ —

Y 100

T =t

7

that is, 3% uncertainty means that x probably lies between x,, times 0.97 and x,,
times 1.03,

(0.97) X Xppy, < x < (1.03) X Xyoue

BeSst

We will find this a useful way to think about a measured number that we will have

to multiply. ,
Let us now return to our problem of calculating p = mv, when m and v have
been measured, as

o
(measured m) = mbest(l + ) (2.24)
‘mbest|
and
o
(measured v) = vbest(l + Y ) (2.25)
Ivbcstl
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Because m, . and v, are our best estimates for m and v, our best estimate for

p = muis

(best estimate for p) = proq = MpesUbest

The largest probable values of m and v are given by (2.24) and (2.25) with the plus

qigng T q tha lorgogt nroahohla valiia e 20 — 22029 10
Dls Id. I HUS, UiV 1a15\.m lJlUUd. IV valuc 1ul 1} — MU 1D
( om \ /[ o\
(largest value tor p) = mbestvbeS[P + )kl + ) (2.26)
Imbest| |Ubest‘

i P i

The smaliesi probable value for p is given by a similar expression with two minus
signs. Now, the product of the parentheses in (2.26) can be multiplied out as

(1+ 3’")(1+ 5”) S Om om0y
|mbest| ‘Ubest‘ |mbest| Ivbest| !mbcstl Ivbcstl

Nranoiicn thn tixm Framtinmal timaniotmeiao Qo /) | gamd S5/l | Gen crmmall oo le
DECAuse € two iraCiional uncCeriaintiCs omi/ |y ana oU/|Upeq| are Simall numoers

ar
(a few percent, perhaps), their product is extremely small. Therefore, the last term
in (2.27) can be neglected. Returning to (2.26), we find

QL QA
om , oU

N’

=Y = s s 11 |
Fr) MpestVpest| + T
\

| | o ! !
[Moest] [Ubestl
The smallest probable value is given by a similar expression with two minus signs.
Our measurements of m and v, therefore, lead to a value of p = mv given by

-

Sy \
orri oU \
4

= b X1

p) '”besl"best(1l =+ | l ! | |}
L’nbest vbestJ

Comparing this equation with the general form

£

(vatue of p) = Pbest(l + % ),
Ipbestl

we see that the best estimate for p iS pp.g = My Upes (@8 We already knew) and that
the fractional uncertainty in p is the sum of the fractional uncertainties in m and v,

o) om ov
P - + :
Ipbesl‘ Imbestl ‘Ubest[
If, for example, we had the following measurements for m and v,

and

v = 9.1 = 0.3 m/s,

the best estimate for p = mv is

DPoest = MpestVpest = (0.53) X (9.1) = 4.82 kg'm/s.
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To compute the uncertainty in p, we would first compute the fractional errors

m__ 001 _ o
My 053 0
and
5 0.3
U222 2 003 = 3%
Ubes[ J.1

The fractional uncertainty in p is then the sum:

P~ 29% + 3% = 5%.
pbcst

If we want to know the absolute uncertainty in p, we must multiply by pp.:

oo
Sn = X

U - -
DPhest

We then round &p and py, to give us our final answer

= 0.05 X 4.82 = 0.241.

N

.
Fbest

(value of p) = 4.8 = 0.2 kg-m/s.
\ r

We have therefore discovered our second general rule for the propagation of errors.
If we measure any two quantltles x and y and form their product the uncertamtles

_________ 2 i o

itities ¢ plupagaw i0 cause ai

I R

Uncertainty in a Product
(Provisional Rule)

If two quantities x and y have been measured with small frac-
tional uncertainties &x/|x.| and 8y/|ypeql> and if the measured

values of x and y are used to calculate the product g = xy,
then the frnr-nnnnl uncertainty in q is the sum fthp f:rw tional

uncertainties in x and y,

I ox 0
7 =~ + 2 (2.28)

| | | | | |
{9bestl Hbest! [Vbest|

I call this rule “provisional,” because, just as with the rule for uncertainty in a
difference, I will replace it with a more precise rule later on. Two other features of

this rule also need to be emnhasized. First. the derivation of (2 8) requi ired that the

uuuuu rulc ails VUL WU UV VI pPLGSIAVU. 1O, ~ Guivii Ui (&~

fractional unccrtainties in x and y both be small enough that we could neglect their

product. This requirement is almost always true in practice, and I will always as-
sume it. Nevertheless, remember that if the fractional uncertainties are not much

smaller than 1, the rule (228) may not apply. Second. even when x and y have

SIRIGII0L LAIGLE DU,

different dlmensmn (2.28) balances dimensionally because all fractional uncertain-
ties are dimensionless.




34 Chapter 2: How to Report and Use Uncertainties

any product g = xy is expressed most SImply in terms of fractlonal uncertainties, as
in (2.28).

Quick Check 2.5. To find the area of a rectangular plate, a student measures
its sides as / = 9.1 = 0.1 cm and b = 3.3 = 0.1 cm. Express these uncertainties
nnnnnnnnnnnnnnnnnnnnnn A than Gad tha ctindant’s anguwenr far tha araa A — Th
ad PCIL«CIIL ull\.«CllalllllCD alu l.llCll 1na l.llC stuacit’'s answcer 101 I.llb ailva 11 — w

with its uncertainty. (Find the latter as a percent uncertainty first and then con-
vert to an absolute uncertainty. Do all error calculations in your head.)

Principal Definitions and Equations of Chapter 2

STANDARD FORM FOR STATING UNCERTAINTIES

- tard-formf : e Chrvsioal L

(measured value of x) = xp. + O,

where

Y
“best

and

- U ST S Qan 9 2\1
OX — \Ullelldlll Yy OI CIIOI 111 uIC lllCdbUlClllClll) [|9CL (£.0)]

This statement expresses our confidence that the correct value of x probably lies in
(or close to) the range from x,. — 6x to X + &x.

DISCREPANCY

The discrepancy between two measured values of the same physical quantity is

discrepancy = difference between two measured

S B J% I PR Qan 7N 1n\1
values oOr tic sarmne quantity. |DCC (£.1V)]

FRACTIONAL UNCERTAINTY

If x is measured in the standard form x,., = dx, the fractional uncertainty in x
is

fractional uncertainty = %—I [See (2.21)]
Xbest
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The percent uncertainty is just the fractional uncertainty expressed as a percentage

EWaYal

(that is, muitipiied by 100%).
b

v wass e WO PJ1TOV oTid O O i Oy

that show how the uncertainties in two quantities x and y propagate to cause uncer-
tainties in calculations of the difference x — y or the product xy. A complete discus-

““““““““““““ tion appears in Chapter 3, where I show that the rules (2.18)
and (2.28) can frequently be replaced with more refined rules (given in Section 3.6).
For this reason, I have not reproduced (2.18) and (2.28) here.

Notes: The problems at the end of each chapter are arranged by section number. A
problem listed for a specific section may, of course, involve ideas from previous
sections but does not require knowledge of later sections. Therefore, you may try
problems listed for a specific section as soon as you have read that section.

The approximate difficulty of each problem is indicated by one, two, or three
stars. A one-star problem should be straightforward and usually involves a single
concept. Two-star problems are more difficult or require more work (drawing a
graph, for instance). Three-star problems are the most difficult and may require

———considerably-more lebot—m — — — 00 02—0—o0o020—/—0o2D0Do20o20—m

Answers to the odd-numbered problems can be found in the Answers Section at

the back of the book.

For Section 2.1: Best kstimate = Uncertainty

2.1. % In Chapter 1, a carpenter reported his measurement of the height of a door-
way by stating that his best estimate was 210 cm and that he was confident the
height was between 205 and 215 cm. Rewrite this result in the standard form
Xpest = Ox. Do the same for the measurements reported in Equations (1.1), (1.2),
and (1.4).

0 &l cl Al cl A
Rewrite these results in the standard form x,., + ox.

Tabie 2.5. Measurements of position, velocity, and
acceleration; for Problem 2.2

Variable Best estimate Probable range
Position, x 53.3 53.1to  53.5 (cm)
Velocity, v —13.5 —14.0 to —13.0 (cm/s)

Acceleration, a 93 90 to 96 (cm/s?)
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For Section 2.2: Significant Figures

2.3. & Rewrite the followin

Rew the following resu 1 th forms, with su um

of significant figures:
(a) measured height = 5.03 = 0.04329 m
(b) measured time = 1.5432 £ 15

(¢) measured charge = —3.21 X 107% + 2,67 X 1072 C
(d) measured wavelength = 0.000,000,563 + 0.000,000,07 m
(e) measured momentum = 3.267 X 10° + 42 g-cm/s.

2.4. % Rewrite the following equations in their clearest and most appropriate
forms:

(@ x = 3.323 £ 1.4 mm

(b) t = 1,234,567 = 54,321 s
(© A =533 X1077 +£321x10°m

r

AN

\\LY

cr ’ ! 1c c e roa 1
135 = 3 mm and 137 + 3 mm. Draw an 1llustrat10 lk that in blgur 2.1 to repre-
sent these two measurements. What is the discrepancy between the two measure-
ments, and is it significant?

2.6. * Each of two research groups discovers a new elementary particie. The two

maccac

tad
ort€a masses are

<

—

=]

= (7.8 £ 0.1) X 107% kg

and
-27

— (70 + 09 10
n, = (7.9 02) X 1U

|
KE.

Draw an illustration like that in Figure 2.1 to represent these two measurements.
The question arises whether these two measurements could actually be of the same
particie. Based on the reported masses, would you say they are likely to be the same
particle? In particular, what is the discrepancy in the two measurements (assuming
they really are measurements of the same mass)?

2.7. % (a) A student measures the density of a liquid five times and gets the results
(all in gram/cm?) 1. 8 2.0, 2.0, 1.9, and 1.8. What would you suggest as the best

best estimate and the accepted value? Do you think it is significant?

2.8. * Two groups of students measure the charge of the electron and report their
results as follows:

Group A: e = (1.75 = 0.04) X 107 C




(g
o
2
(8]
(98}
~

and

Group B: e = (1.62 = 0.04) X 107}

What should each group report for the discrepancy between its value and the ac-
cepted value,

—-19

5 — 1 N N, 1N Fal
€ — 1.0v 1V |\

(with negligible uncertainty)? Draw an illustration similar to that in Figure 2.2 to
show these results and the accepted value. Which of the results would you say is
satisfactory?

For Section 2.5: Comparison of Two Measured Numbers

2.9. % In an experiment on the simple pendulum, a student uses a steel ball sus-
pended from a light string, as shown in Figure 2.8. The effective length / of the

cm At fe dlha Alctonien Frmi tlhn o o€ sl cbnies e dha st ~F tha o1l oo
peénauluim is tn¢ aistance 1rom tnc top oI tne string to {n¢ cenier OI tn¢ valt, as
shown. To find /. he first measures the distance x from the ton of the strino to the

1own, | nd £ asures the distance x frrom the top or the string to th c

bottom of the ball and the radius r of the ball; he then subtracts to give [ = x — r.
If his two measurements are

x = 958 x£01cm and r = 2.30 = 0.02 cm,

what should be his answer for the length / and its uncertainty, as given by the
provisional rule (2.18)?

2.10. x* The time a carousel takes to make one revolution is measured by noting
£ o xxrerat wxrn ~L PR PRTY Y
1 U=

a
tartine and ermmo times are uncertain by =1 second each, what

ncertainty in the time for one revolution, as given by the provisional rule

2.11. * In an experiment to check conservation of angular momentum, a student
obtains the results shown in Table 2.6 for the initial and final anguiar momenta (L

L — I and i . \ | lent’ | . il . c

anguiar momentum?
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Table 2.6. Initial and final

anonlar mameanta {in
aliguial LIULIIvLLa (1

kg-m?/s); for Probiems

2.11 and 2.14.

Initial L Final L'
3.0 £ 0.3 27 + 0.6
74 + 0.5 8.0 + 1
143 + 1 165 = 1
25 + 2 24 + 2
32 +2 31 £ 2
37 £ 2 41 £ 2

-~

2.12. % The acceleration a of a cart sliding down a frictioniess inciine with siope
0 is expected to be gsin 6. To test this, a student measures the acceleration a of a
cart on an incline for several different values of 6; she also calculates the corres-
ponding expected accelerations gsin 6 for each 6 and obtains the results shown in

Table 2.7. Add a column to the table to show the discrepancies ¢ — gsin ¢ and their

suggest a reason they do not?

Table 2.7. Measured and expected accelerations;
for Problem 2.12

Trial Acceleration Expected acceleration
number a (m/s?) gsin 6 (m/s?)
1 2.04 £ 0.04 236 £ 0.1
2 3.58 = 0.06 3.88 = 0.08
3 432 = 0.08 4.57 = 0.05
4 4.85 £ 0.09 5.05 = 0.04
5 553 £ 0.1 5.72 £ 0.03

2.13. %% An experimenter measures the separate masses M and m of a car and
traiier. He gives his resuits in the standard form M, ., = éM and m, ., = om. What
would be his best estimate for the total mass M + m? By considering the largest
and smallest probable values of the total mass, show that his uncertainty in the total
mass is just the sum of OM and ém. State your arguments clearly; don’t just write

sreve e

down the answer. (This problem provides another example of error propagation: The

2.14. %% Using the data of Problem 2.11, make a plot of final angular momentum
L' against initial angular momentum L for the experiment described there. (Include
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vertical and horizontal error bars, and be sure to include the origin. As with all

w
O

graphs, label your axes, including units, use squared paper, and choose the scales
so that the graph fills a good proportion of the page.) On what curve would you
expect the points to lie? Do they lie on this curve within experimental uncertainties?

2.15. %% According to the ideal gas law, if the volume of a gas is kept constant,
T m

a P chnanld he nranartinnal ¢ noeratnira T Th chorly thig
LV 1 suvulu vv plupuluuiial v pLliatuiv 4. 1U CLHULR LS

c 0
proportionality, a student measures the pressure

gas at five different tempera-
tures (always with the same volume) and gets the results shown in Table 2.8. Plot

_,
o
o 8
™ £
jab]

a gas

s (al
these results in a graph of P against 7, and decide whether they confirm the expected
rgpgrt nality of P and T.

Table 2.8. Temperature and pressure
of a gas; for Problem 2.15.

Temperature (K) Pressure (atm)
(negligible uncertainty) (all £0.04)
100 0.36
150 0.46
200 0.71
250 0.83
300 1.04

2.16. ¥* You have learned (or will learn) in optics that certain lenses (namely,

thin spherical lenses) can be characterized by a parameter called the focal length f

and that if an object is placed at a distance p from the lens, the lens forms an image

at a distance q, Qatmfmno the lens equation, 1/f= (1 /n\ + (1 /n\ where fal\xqu has

the same value for a given lens. To check if these 1deas apply to a certain lens, a
student places a small light bulb at various distances p from the lens and measures

the location g of the corresponding images. She then calculates the corresponding

values of f from the lens equation and obtains the results shown in Table 2.9. Make
a plot of f against p, with appropriate error bars, and decide if it is true that this
particular lens has a unique focal length f.

Table 2.9. Object distance p (in cm )
nd Acarragan Asnsg fara 1 ‘nv\{v he £/(in
ana uuuuoyuut.uus lUbal ICgLL D \
cm); for Problem 2.16.
Ot 4+ Jioe b 11 th £
UUJCL[ unidance P rocdlr Ienglur y
(negligible uncertainty) (all =2)
45 28
55 34
65 33
75 37

85 40
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2.17. ¥* The power P delivered to a resistance R by a current [ is supposed to

Lt L aln mloalo . D DI2 M el sllo oanloal a ctizda
C glVCll Uy iné reiation r = . 1 CIICCK LIS IC1duuUll, 4 >Stuuclil CllUb bCVCldl

measures the power dehvered (by measuring the water’s rise in temperature) Use

the results shown in Table 2.10 to make plots of P against / and P agalnst I?

tanliiding orrar ha Tlgn tha o Annida iF ¢
incCiuding ¢rror vars. use the sccond l.uuu. to decide if this e);peruueu

with the expected proportionality of P and /7.

Table 2.10. Current / and power P; for
Problem 2.17.

Current / (amps) Power P (watts)
(negligible uncertainty) (all £50)
1.5 270
2.0 380
2.5 620
3.0 830
35 1280
4.0 1606

the results shown 1n ‘lable 2.11. (a) Make a plot ot v? against #, including vertical
and horizontal error bars. (As usual, use squared paper, label your axes, and choose
your scale sensibly.) Is your plot consistent with the prediction that v* « h? (b) The
slope of your graph should be 2g. To find the slope, draw what seems to be the best

straight line through the points and then measure its slope. To find the uncertainty
in the slope, draw the steepest and least steep lines that seem to fit the data reason-
ably. The slopes of these lines give the largest and smallest probable values of the
slope. Are your results consistent with the accepted value 2g = 19.6 m/s>?

Table 2.11. Heights and
speeds of a stone thrown

vertically upward; for

T TOUICIIT 2. 103

h (m) v?
all +0.05 (m%/s?)
0.4 7+3
0.8 17 +3
1.4 25+ 3
2.0 38 + 4
2.6 45 +5
3.4 62 + 5
3.8 72 £ 6




Problems for Cha

(=g
[0}
3
3]
-

2.19. %% In an experiment with a simple pendulum, a student decides to check
whether the period T 1s independent of the amplitude A (defined as the largest angle
that the pendulum makes with the vertical during its oscillations). He obtains the

2. Amplitude and period

ulum: for Prvhl m 2.19,

Galaiing Uiviii

Amplitude A (deg) Period T (s)
52 1.932 = 0.005
172 1.94 = 0.01
252 1.96 = 0.01
40 + 4 2.01 = 0.01
53+4 2.04 = 0.01
67 =6 212 = 0.02

results shown in Table 2.12. (a) Draw a graph of T against A. (Consider your choice
of scales carefully. If you have any doubt about this choice, draw two graphs, one
including the origin, A = T = 0, and one in which only values of T between 1.9
and 2.2 s are shown.) Should the student conclude that the period is independent of
the amplitude? (b) Discuss how the conclusions of part (a) would be affected if all

For Section 2.7: Fractional Uncertainties

2.20. ¥ Compute the percentage uncertainties for the five measurements reported
in Problem 2.3. (Remember to round to a reasonable number of significant figures.)

2.21. * Compute the percentage uncertainties for the four measurements in Prob-
fem 2

2.22. % Convert the percent errors given for the following measurements into ab-

solute uncertainties and rewrite the results in the standard form x,.;, = éx rounded
appropriately.

@ x = 5432 m = 4%

by v = -659m/s £ 8%

(o) )\ — £71 10=9 1n +— AO

L) A — U7/1 19 I = =7/0

2.23. % A meter stick can be read to the nearest millimeter; a traveling microscope
can be read to the nearest 0.1 mm. Suppose you want to measure a length of 2 cm
with a precision of 1%. Can you do so with the meter stick? Is it possible to do so
with the microscope?

224 * (a) A dioi

. 15
o Ne N \u} L Ulsl
What will be its percent uncertainty in measuring a voltage of approximately 3

volts? (b) A digital balance reads masses to the nearest hundredth of a gram. What
will be its percent uncertainty in measuring a mass of approximately 6 grams?

2.25. %% To find the acceleration of a cart, a student measures i
i and vy, and computes the dlffe“"l ce (uy — v;). Her da
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Table 2.

valncitiag
veivLiuvs

+ 1%), for Problem 2.25.

Initial and final
1

in orm/e and all
111 V111 S allu air

U; Uy
First run 14.0 18.0
Second run 19.0 19.6

trials are shown in Table 2.13. All have an uncertainty of +1%. (a) Calculate the
absolute uncertainties in all four measurements; find the change (v; — v;) and its
uncertainty in each run. (b) Compute the percent uncertainty for each of the two
values of (v; — v;). Your answers, especially for the second run, illustrate the disas-

trous resuits of finding a small number by taking the difference of two much larger

numbers.
B oee © o e o o - HPSRLY o Cic.ciomne msmd Conmmtlmsnml | e mmccbemionsl A
ror at:(.tlun £&.O. IgllIIILdl lt r|gut > At rr1 LtIU Idl VTICCH tdll tIC)

2.26. x (a) A student’s calculator shows an answer 123.123. 1f the student decides
that this number actually has only three significant figures, what are its absolute and
fractional uncertainties? (To be definite, adopt the convention that a number with N
significant figures is uncertain by +1 in the N'" digit.) (b) Do the same for the

number .23.(c) Do the same for the number 321 o the fractiona
uncertainties lie in the range expected for three significant figures?

2.27. %% (a) My calculator gives the answer x = 6.1234, but I know that x has a

z =9.1234.

For Section 2.9: Multiplying Two Measured Numbers

2.28. % (a) A student measures two quantities @ and b and obtains the results

=11.5 = 0.2 cm and b = 25.4 = 0.2 s. She now calculates the product g = ab.
Find her answer, giving both iis percent and absoluie unceriainties, as found using
the provisional rule (2.28). (b) Repeat part (a) using a = 5.0 m = 7% and b = 3.0
N + 1%.

2.29. % (a) A student measures two quantities a and b and obtains the results
a=10 = 1 N and b =272 = 1 s. He now calculates the product g = ab. Find his
answer, giving both 1ts percent and absolute uncertainties, as found using the provi-
sional rule (2.28). (b) Repeat part (a) using a = 3.0 ft = 8% and b = 4.0 Ib £ 2%.

2.30. **x A well-known rule states that when two numbers are multiplied together,
the answer wiil be reliabie if rounded to the number of significant figures in the iess
precise of the original two numbers. (a) Using our rule (2.28) and the fact that
significant figures correspond roughly to fractional uncertainties, prove that this rule
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is approximately valid. (To be definite, treat the case that the less precise number

)

has two significant figures.) (b) Show by example that the answer can actually be

somewhat less precise than the “well-known” rule suggests. (This reduced precision
is especially true if several numbers are multiplied together.)

2.31. %% (a) A student measures two numbers x and y as

x =10x1 and y = 20 = 1.

What is her best estimate for their product g = xy? Using the largest probable values

for x and y (11 and 21), calculate the largest probable value of g. Similarly, find the

emallest nrnhnhlp value of g, and hence the range in which ¢ nrobablv lies. annnre
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your result with that given by the rule (2.28). (b) Do the same for the measurements
x =108 and y = 20 = 15.

[Remember that the rule (2.28) was derived by assuming that the fractional uncer-
tainties are much less than 1.]







