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Abstract

The paper presents in detail a code developed to solve the vector equation of radiative transfer. It is based on the

successive orders of scattering and on the expansion into Fourier series of the azimuth; it includes the polarizing effects of

aerosol scattering and of reflectance by water or terrestrial surfaces. The code is available from the authors upon request,

and this detailed description aims at helping potential users to adapt the code to their own problem. Some examples of

applications are given.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

In this paper, we present in some detail a radiative transfer (RT) code, developed over the years, at the
Laboratoire d’Optique Atmosphérique (LOA) of Lille University. It includes a complete treatment of
polarization due to aerosol scattering, and Earth’s surface reflectance, and relies on the method of successive
orders of scattering (OS); limited and simpler versions of the code are available and can be used.

The extraterrestrial solar radiation reaching the Earth’s atmosphere is scattered by the air molecules and by
the various solid and liquid particles (clouds, aerosols); it is also absorbed by gas molecules in several specific
wavelength bands. The scattered radiation partly reaches the surface, and is partly reflected to space. In what
follows we limit ourselves to the cloudless atmosphere, and outside the absorption bands with a line structure,
as water vapor or carbon dioxide. Therefore we consider only scattering by air molecules and by aerosols;
where necessary, we can easily include a continuum gas absorption like ozone absorption. We also assume the
Earth’s atmosphere to be plane-parallel, i.e. the characteristics vary only along the vertical direction.

The transfer of radiation inside the atmosphere is governed by the equation of transfer (ET), based on the
conservation of energy, and allowing the calculation of radiance, and after angular integration, the calculation
of irradiance; this so-called scalar ET remains very useful for many problems. However, as the scattering
e front matter r 2007 Elsevier Ltd. All rights reserved.
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process modifies the state of polarization, the scalar ET is only approximate, and can lead to errors on the
radiance reaching about 10% for a molecular atmosphere. Moreover the polarization of the scattered
radiation contains in itself important information on the characteristics of the scattering particles, and it is
used for improving aerosol remote sensing.

Numerous methods have been developed for solving the ET, both in the scalar and in the vector forms.
A description of the methods, with a large list of references up to 1985, can be found in the collective book edited
by Lenoble [1] under the auspices of the Radiation Commission of IAMAS. Since then, research has remained
active, generally leading to numerical codes, and there are now several radiative transfer (RT) codes freely
available to the users. Among the most popular, one can mention Libradtran [2], DISORT [3], TUV [4], Adding
[5]; other RT models are presented in [6,7], and this list is far from being exhaustive. Most of these codes are big
modular codes, tending to be as complete as possible and covering various kinds of problems, including
longwave radiation. Even trying to be users’ friendly, these big codes are not always easy to implement and some
users take them as black boxes, without understanding how they operate. The recent research concerns mostly
more complex problems. Important progress is presently made in designing 3-D codes necessary to handle real
non uniform clouds [8]; other 3-D models are developed for twilight [9], and limb [10] observations.

Our code concerns the limited and somewhat simple probem of shortwave solar radiation in 1-D cloudless
atmosphere. Its objective is analyzing radiation measurements, understanding the contribution of aerosol
scattering and absorption, and of Earth’s surface reflectance. The code allows the simultaneous introduction
of several aerosol models with different characteristics and different profiles. It also offers the choice of
different reflectance laws, for land and water surfaces.

The available modular codes are certainly very useful in some cases, however we did not find them a
satisfactory solution to our own problems, and this was the first reason for starting this work. We believe that
for many problems, at least the simple ones, it is much more efficient to write directly a code specifically
designed for the problem considered. With a good knowledge of the radiative transfer theory, i.e. of the
theoretical basis of the code, and only an elementary knowledge of a programming language, this is not a too
demanding task. A variant of this approach is to use a code as ours, with the information included in this
paper, in order to adapt the code to the user’s specific problem. Our objective is not to provide the users’
community with a new big code, competing with other codes already available, but to transmit our own
experience in writing a RT code.

The code described here combines the expansion of the optical properties into generalized Legendre
functions, with a Fourier expansion in the azimuth. This code is flexible and easy to use; it is available in
different versions in FORTRAN, and it has been used successfully, by ourselves and by some other users for
different problems.

In Section 2, we recall the theoretical basis of the code with the necessary definitions in Section 2.1; the
polarization is most easily characterized by the four Stokes parameters defined in Section 2.2. The phase
matrix, which characterizes the single scattering (including polarization) of the molecules and particles is
presented in Section 2.3, with the necessary information on the aerosol phase matrix. Section 2.4 establishes
the exact vector ET, to be used for obtaining the correct value of the radiance, as well as information on the
polarization characteristics; the scalar ET is a special case of this vector ET. Section 3 is devoted to the method
of successive orders of scattering (OS) and Section 4 presents the development of the ET and of the phase
matrix into Fourier series, as it can be used in most of the ET solution methods. Section 5 adds the possibility
of a reflecting lower boundary, as snow, water, or vegetation. According to our objective, we have tried to
present the basis of the code as completely as possible, even if some points are classical and can be found
elsewhere. The paper is therefore expected to be self-consistent. Finally, Section 6 presents some examples of
applications of the OS codes developed at LOA for different problems, as remote sensing of aerosols and
analysis of surface ultraviolet spectral irradiance; detailed results are not shown, as they are available in
published papers; references are given. Conclusions are presented in Section 7.

2. Theoretical basis

In this section, we present the theoretical basis necessary for understanding our code; although most of these
notions are classical, we think useful for the reader to have them summarized in a complete and consistent manner.
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2.1. Definitions

As said previously, we consider a plane-parallel atmosphere, i.e. the only position coordinate of a point M is
the altitude z above the surface. A direction k (see Figs. 1) is defined by the angle with the upward vertical, or
zenith angle y, between 0 and p, or preferably by the cosine of the zenith angle m ¼ cos y, and by an azimuth
angle j, counted from an arbitrary origin which is generally the sun meridian; j is counted between 0 and 2p
in the direct direction around O z

�
(i.e. in the clockwise direction when looking in the positive direction Oz;

Fig. 1a). Let us note that m40 corresponds to upward directions and mo0 to downward directions. The sun
direction is k0ðm0;j0Þ, with m0 negative; if the sun meridian is used as origin, j0 ¼ 0.

The local extinction of the radiance L, along a path dx

dL ¼ �sLdx ¼ �ðss þ saÞLdx (1)

defines the local extinction coefficient s, due to scattering (ss) and to absorption (sa). It is usual to introduce a
single-scattering albedo (SSA) as

o ¼ ss=s. (2)
Fig. 1. (a) Characterization of the propagation direction, k. (b) Optical depth, t, and optical thickness, t*, of the atmosphere.
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For a plane parallel atmosphere, the optical thickness of an element layer dz along the vertical is defined as

dt ¼ �sðzÞdz. (3)

The optical thickness t measured from the top of the atmosphere to the level z, called optical depth (OD), is
generally used instead of z as the altitude variable; t

�
increases downwards, which explains the minus sign

in Eq. (3). The top of the atmosphere is at t ¼ 0 and we will call t* the optical depth of the lower boundary,
i.e. the total atmosphere optical thickness (Fig. 1b).

The phase function p(Y) describes the probability of scattering as a function of the scattering angle Y which
is the angle between incident and scattered directions; p(Y) is normalized to 4p when integrated over all
directions.

The atmosphere is illuminated only with an irradiance — m0E0 on its upper boundary by the solar beam in
the direction (m0, j0). Inside the atmosphere the transmitted irradiance is

Etrðt;m;jÞ ¼ dðm� m0Þdðj� j0ÞE0e
t=m0 , (4)

where d(x) is the Dirac Delta function, equal to 1 for x ¼ 0 and to 0 for x different from 0.
The diffuse radiative field is characterized by the radiance LðM ;kÞ ¼ Lðt; m;jÞ. It is governed by the usual

scalar equation of transfer that expresses the change of L along an element layer dt crossed under the angle
cos�1 m, due to the loss of radiation by extinction, and to the gain by scattering from other directions.

A detailed derivation of the equation of transfer can be found in several textbooks (see [11–15]). In Section
2.4, we directly derive the vector ET and find the scalar ET as a particular case.

The radiance L(t, m, j) is obviously proportional to the incoming solar irradiance E0. It also depends on the
sun direction, and the variables (m0, j0) in the expression of L are omitted for simplicity. Moreover all
atmospheric characteristics as well as the extraterrestrial solar radiation are wavelength dependent. The
formalism used here concerns monochromatic radiation.
2.2. The Stokes parameters

Because the scattering process depends on the state of polarization, and modifies it, the radiance derived
from the scalar ET is only an approximation which can differ from the exact value by errors of a few percent,
even reaching 10% in the worst cases (see [16]). In this subsection, we present the Stokes parameters, which
allow a convenient way to characterize the state of polarization of radiation.

An electromagnetic plane wave traveling in the direction k is characterized by the complex components El

and Er of its electric vector E, on two orthogonal unitary axes l and r in the wave plane, or by any combination
of the four parameters ElÊl ; ErÊr; ErÊl ; ElÊr, where Ê stands for the conjugate value of E. In this paper, the
vectors (l, r, k) constitute a right-handed Cartesian coordinate system (Fig. 2). The influence of chosing
different conventions of sign is discussed in Appendix A.

The Stokes parameters (see [11,17]) are defined as

I

Q

U

V

0
BBB@

1
CCCA ¼ �0c
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hElÊli þ hErÊri

hElÊli � hErÊri

hElÊri þ hErÊli
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0
BBBB@

1
CCCCA ¼

�0c

2

hE2
l0i þ hE

2
r0i

hE2
l0i � hE

2
r0i

h2El0Er0 cos di

h2El0Er0 sin di

0
BBBB@

1
CCCCA, (5)

where El0 and Er0 are the amplitudes of El and Er, respectively, and d is the retardation in phase of El relative
to the phase of Er; c is the velocity of light in the vacuum, and e0 the dielectric constant in vacuum. As
measurements always include a large number of wave trains, the quantities /xS are the temporal averages of
x. These average Stokes parameters contain all the available information on the radiation field (see [11]). I is
the total radiative energy, i.e. it is identical to the irradiance E, or to the radiance L, considered in the previous
section. The three other parameters have the same dimensions as I (Wm�2 or Wm�2 sr�1); they serve to
characterize the state of polarization, as explained below.
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Fig. 2. The ðr; l;kÞ coordinate system.
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The state of polarization is determined by d and by the ratio a ¼ El0/Er0. For a mixture of incoherent wave
trains, with the same average amplitudes, Q ¼ U ¼ V ¼ 0, the radiation is natural or non-polarized. This is
the case of the extraterrestrial solar radiation.

When several independent streams of radiation are combined, the Stokes parameters of the mixture are the
sums of the Stokes parameters of the components; the axes l and r have to be the same for all the added
components. Due to the additivity of the Stokes parameters, any beam can be analyzed as the incoherent
superposition of polarized radiation with an intensity

Ipol ¼ ðQ
2 þU2 þ V2Þ

1=2 (6)

and natural radiation; the degree of polarization is

P ¼ Ipol=I . (7)

For linear polarization, d ¼ 0 and V ¼ 0, and the two parameters Q and U fix the direction of polarization.
If a is the angle of rotation around k which brings l parallel to E, with a counted positive in the direct direction
around k (Fig. 3)

Q ¼ Ipol cosð2aÞ;

U ¼ Ipol sinð2aÞ:
(8)

For elliptically polarized light, the parameter V defines the ellipticity of the polarized light;V is generally
very small in the atmosphere and it is often neglected, the polarization being considered as linear.

The usual scalar quantities, as radiance or irradiance, are conveniently replaced by a radiance (or
irradiance) vector, built of the Stokes parameters,

L ¼ ðI ;Q;U ;V ÞT (9)

where xT means the transpose of vector x.

2.3. The phase matrix

In order to describe the effect of scattering on polarization, the scalar phase function p(Y) has to be replaced
by a 4� 4 phase matrix.

Let us choose reference axes ðl0; r0Þ and ðl; rÞ, for the incident and scattered radiation parallel and
perpendicular to the scattering plane, defined by the directions of incidence and of scattering. For a
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Fig. 3. Description of linearly polarized light.
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distribution of randomly oriented particles, in equal number with their miror particles (see [18]), which is not a
very restrictive condition for aerosols, the phase matrix is in the form

PðYÞ ¼

P11ðYÞ P12ðYÞ 0 0

P21ðYÞ P22ðYÞ 0 0

0 0 P33ðYÞ P34ðYÞ

0 0 P43ðYÞ P44ðYÞ

0
BBBB@

1
CCCCA. (10)

The upper left element P11(Y) is identical to the phase function p(Y). The four upper right and the four
lower left elements are zero, and P21 ¼ P12; P43 ¼ �P34; only six elements are needed. For spherical particles,
further simplifications occur, P22 ¼ P11; P44 ¼ P33; and only four elements are necessary. The phase matrix is
obtained from the Mie theory [19]. For molecular scattering by anisotropic molecules, the phase matrix is
given in Refs. [11,20]; P34 and P43 are zero but P22aP11;P44aP33; and four elements also are necessary. The
problem is more difficult for non-spherical particles, but the phase matrix has been obtained for various
shapes, mostly by the T-matrix code by Mishchenko et al. [21] for small aerosol particles. The phase matrix
has also been measured in the laboratory, for different particles by Volten et al. [22].

It is usual to develop the phase function into a series of Legendre polynomials Pl(cosY)

pðYÞ ¼
XL

l¼0
blPlðcos YÞ, (11)

where the normalization of the phase function imposes b0 ¼ 1. The order L of the development depends on the
scattering particles (see Section 6). The usefulness of this expansion will appear in Section 4 when developing
into Fourier series. With the same objective (see [23–25]), it is useful to expand the six elements of the phase
matrix into the form

P11ðYÞ ¼ pðYÞ ¼
XL

l¼0

blPlðcos YÞ,

P21ðYÞ ¼ P12ðYÞ ¼
XL

l¼2

glP
l
2ðcos YÞ,
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P22ðYÞ ¼
XL

l¼2

½alR
l
2ðcos YÞ þ BlT

l
2ðcos YÞ�,

P33ðYÞ ¼
XL

l¼2

½BlR
l
2ðcos YÞ þ alT

l
2ðcos YÞ�,

P43ðYÞ ¼ �P34ðYÞ ¼
XL

l¼2

�lP
l
2ðcos YÞ,

P44ðYÞ ¼
XL

l¼0

dlPlðcos YÞ, ð12Þ

where

Rl
sðcos YÞ ¼ ½P

l
s;2ðcos YÞ þ Pl

s;�2ðcos YÞ�=2, (13a)

Tl
sðcos YÞ ¼ ½P

l
s;2ðcos YÞ � Pl

s;�2ðcos YÞ�=2. (13b)

The functions Pl
m;nðYÞ are generalized Legendre functions, introduced by Gel’fand and Sapiro [26] (see

Appendix B), which reduce for m ¼ n ¼ 0, to the usual Legendre polynomial Pl(m), and for n ¼ 0, to the
associated Legendre functions Pm

l(m). For Rayleigh scattering by anisotropic molecules, L ¼ 2 with

b0 ¼ 1;b1 ¼ 0; b2 ¼ x=2,

d0 ¼ 0; d1 ¼ 3y=2,

g2 ¼ � ð3=2Þ
1=2x; a2 ¼ 3x; �2 ¼ B2 ¼ 0. ð14Þ

In Eq. (14), x ¼ 2(1�d)/(2+d), y ¼ 2(1�3d)/(2+d) where d is the molecular depolarization factor [20].
2.4. The vector equation of transfer

Because the Stokes parameters, as the scalar radiance, are additive when several streams of radiation are
superposed, a vector equation governing the radiance vector L(t, m, j) defined by Eq. (9) can be established in
the same way as the scalar equation of transfer. The condition is that all the Stokes parameters added are
refered to the same directions l and r; the obvious choice is to take l and r, respectively parallel and
perpendicular to the vertical plane containing k. When incident radiation from the direction (m0, j0) is
scattered into a direction (m, j), because the scattering matrix is defined with axes parallel and perpendicular
to the scattering plane, it is necessary to perform a double-axis rotation. First the axes (l0, r0) associated to the
incidence direction are rotated around k0 by an angle w0 (see Fig. 4), to bring them parallel and perpendicular
to the scattering plane. With w0 counted positive in the direct direction around k0, this rotation corresponds to
a multiplication of the radiance matrix by a transformation matrix

Tðw0Þ ¼

1 0 0 0

0 cosð2w0Þ sinð2w0Þ 0

0 � sinð2w0Þ cosð2w0Þ 0

0 0 0 1

0
BBB@

1
CCCA. (15)

After application of the phase matrix P(Y) for the angleY between the directions (m0,j0) and (m,j), a second
rotation of �w is performed, in order to have the scattered radiance matrix refered to (l, r) (Fig. 4).

The vector ET writes as

m
dLðt;m;jÞ

dt
¼ Lðt;m;jÞ � Sðt; m;jÞ (16a)
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Fig. 4. Definition of the rotation angles, w and w0. Scattering directions (y, j) and (y*, j*), symmetric about the vertical plane which

contains the incident direction (y0, j0), correspond to opposite rotation angles, (w, w0) and (w*, w0*), respectively.

J. Lenoble et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 107 (2007) 479–507486
with a source matrix

Sðt;m;jÞ ¼
oðtÞ
4p

Pðt; m;j; m0;j0ÞE0 expðt=m0Þ þ
oðtÞ
4p

Z 2p

0

Z þ1
�1

Pðt;m;j;m0;j0ÞLðt;m0;j0Þdm0 dj0. (16b)

The first term on the right-hand side corresponds to single scattering of the direct solar beam, and the
second term to multiple scatterings. As said before, we do not consider thermal emission in the source
function. As explained above, the kernel 4� 4 matrix P in Eq. (16b) is

Pðt;m;j;m0;j0Þ ¼ Tð�wÞPðt;YÞTðw0Þ (17)

and the irradiance matrix for the incident non-polarized solar radiation is

E0 ¼ ðE0; 0; 0; 0Þ
T. (18)

Integrating Eq. (16a) leads to

Lðt;mo0;jÞ ¼ �
Z t

0

e�ðt
0�tÞ=mSðt0;m;jÞdt0=m, (19a)

Lðt;m40;jÞ ¼ Lupðt�;m40;jÞe�ðt
��tÞ=m þ

Z t�

t
e�ðt

0�tÞ=mSðt0; m;jÞdt0=m (19b)

with no diffuse radiation incident on the top of the atmosphere; Lup depends on the surface reflectance, as
discussed in Section 5. It is zero for a black ground. Eqs. (19) are the form of the ET that the successive orders
of scattering work with.

The vector equations are equivalent to four coupled equations for the Stokes parameters I, Q, U, V of the
radiance L. The scalar ET is simply the first of these equations written for L ¼ I, with Q ¼ U ¼ V ¼ 0, and
P11 ¼ p, the phase function, accounting for the form of T.
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3. The method of successive orders of scattering

The idea underlying the method of successive orders of scattering, is to separate the radiance into the
contributions of photons scattered once, twice, y, n times

Lðt;m;jÞ ¼
XN

n¼1

Lnðt; m;jÞ. (20)

It has been suggested very early, first limited to two terms by Hammad and Chapman [27], used by several
authors in somewhat different forms, and recently by Min and Duan [28]; a rather large bibliography can be
found in [1].

Starting from Eqs. (19), it leads obviously to

Lnðt; mo0;jÞ ¼ �
Z t

0

e�ðt
0�tÞ=mSnðt0;m;jÞdt0=m; (21a)

Lnðt; m40;jÞ ¼ Lup
n ðt

�; m40;jÞe�ðt
��tÞ=m þ

Z t�

t
e�ðt

0�tÞ=mSnðt0;m;jÞdt0=m, (21b)

where

S1ðt; m;jÞ ¼
oðtÞ
4p

Pðt;m;j;m0;j0ÞE0e
t=m0 , (21c)

Sn41ðt;m;jÞ ¼
oðtÞ
4p

Z 2p

0

Z þ1
�1

Pðt;m;j;m0;j0ÞLn�1ðt; m0;j0Þdm0 dj0 (21d)

and considering that one reflection is similar to one scattering,

L
up
1 ðt

�;m40;jÞ ¼ ð�m0ÞRðm;j;m0;j0ÞE0e
t�=m0=p, (21e)

L
up
n41ðt

�;m40;jÞ ¼
Z 2p

0

Z 0

�1

ð�m0ÞRðm;j; m0;j0ÞLn�1ðt�;m0;j0Þdm0 dj0=p. (21f)

Equation (21e) defines the reflectance matrix of the surface Rðm;j;m0;j0Þ, as a generalization of the simple
Lambertian reflectance r, which leads for Lup to ð�m0ÞrE0e

t�=m0=p, in Eq. (21e). Note that, in Eqs. (21c) and
(21e), et=m0 is the transmittance of the direct solar beam in a plane parallel atmosphere. The direct
transmittance, T sphðt;m0Þ, taking into account the Earth’s sphericity, can easily be computed and used instead
of et=m0 , which leads to the so-called pseudo spherical code.

4. Expansion into Fourier series of azimuth

Expanding the various quantities into Fourier series of the azimuth allows us a separation of the variables m
and j, which strongly simplifies the resolution of the ET.

For the scalar problem, the radiance is symmetric about the vertical plane containing the solar incident
beam (m0, j0) and the phase function is symmetric about the vertical plane containing the incident direction
(m0, j0); therefore we can write

Lðt;m;jÞ ¼
XS

s¼0

ð2� d0sÞ cosðsðj� j0ÞÞL
sðt;mÞ, (22)

pðt;m;j;m0;j0Þ ¼
XS

s¼0

ð2� d0sÞ cosðsðj� j0ÞÞpsðt; m;m0Þ, (23)

where d0s ( ¼ 1 for s ¼ 0, ¼ 0 otherwise) is introduced for commodity. In Eq. (22), the order S of the
development is clearly limited to L in Eq. (11). The useful numerical value for S is discussed in Section 6.
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Using the development of the phase function into series of Legendre polynomials and the additivity theorem
of these polynomials (see Appendix B), it is easy to find the expression of psðm;m0Þ. After integration over j0 of
the source function, one easily gets the classical separation in azimuth of the scalar ET.

Generalization to the vector case has been examined by several authors (see [23–25]), and we just recall the
main lines of the development.

We restrict to scattering and reflectance laws with axial symmetry, i.e. with Pðt;m;j;m0;j0Þ and Rðm;j;m0;j0Þ
in the form Pðt;m; m0;j� j0Þ and Rðm;m0;j� j0Þ, so that the radiance field is symmetric about the solar
incident plane with

Inðt;m;jÞ ¼
XS

s¼0

ð2� d0sÞ cosðsðj� j0ÞÞI
s
nðt;mÞ,

Qnðt;m;jÞ ¼
XS

s¼0

ð2� d0sÞ cosðsðj� j0ÞÞQ
s
nðt;mÞ,

Unðt;m;jÞ ¼
XS

s¼1

2 sinðsðj� j0ÞÞU
s
nðt; mÞ,

Vnðt;m;jÞ ¼
XS

s¼1

2 sinðsðj� j0ÞÞV
s
nðt;mÞ, ð24Þ

i.e.

Lnðt;m; ;jÞ ¼
XS

s¼0

ð2� d0sÞ½cosðsðj� joÞÞL
s
n;cosðt;mÞ þ sinðsðj� j0ÞÞL

s
n;sinðt; mÞ� (25)

with

Ls
n;cosðt; mÞ ¼ ðI

s
n;Q

s
n; 0; 0Þ

T and Ls
n;sinðt; mÞ ¼ ð0; 0;U

s
n;V

s
nÞ

T. (26)

The parity of U and V corresponds to polarized vibrations with opposite inclinations and opposite turning
directions when refered to the (l,r,k) axes on either side of the incident plane.

Given the matrix multiplication in Eq. (17), Pðm;j; m0;j0Þ is in the form

Pðm;j;m0;j0Þ ¼

P11 c0P12 s0P12 0

cP12 cc0P22 þ ss0P33 cs0P22 � sc0P33 sP43

sP12 sc0P22 � cs0P33 ss0P22 þ cc0P33 �cP43

0 �s0P43 c0P43 P44

0
BBB@

1
CCCA, (27)

where the Pij(Y) are the coefficients of the phase matrix, Eq (10), and c stands for cos(2w), s for sin(2w), and
similarly for c0 and s0 with w0. The variable t has been omitted.

Since scattering directions symmetric about the incident plane correspond to similar values for the PijðYÞ
elements but opposite numerical values for w and w0 (see Fig. 4), Pðm;j;m0;j0Þ clearly separates into a
symmetric and an anti-symmetric matrices with respect to ðj� j0Þ, which may be expanded, respectively, into
series of cosðsðj� j0ÞÞ and sinðsðj� j0ÞÞ, and

Pðm;j;m0;j0Þ ¼
XL

s¼0

ð2� d0sÞ½cos½sðj� j0Þ�Ps
cosðm;m

0Þ þ sin½sðj� j0Þ�Ps
sinðm;m

0Þ� (28)

with

P11 c0P12 0 0

cP12 cc0P22 þ ss0P33 0 0

0 0 ss0P22 þ cc0P33 �cP43

0 0 c0P43 P44

0
BBB@

1
CCCA ¼

XL

s¼0

ð2� d0sÞ cos½sðj� j0Þ�Ps
cosðm;m

0Þ, (29a)
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0 0 s0P12 0

0 0 cs0P22 � sc0P33 sP43

sP12 sc0P22 � cs0P33 0 0

0 �s0P43 0 0

0
BBB@

1
CCCA ¼

XL

s¼1

2 sin½sðj� j0Þ�Ps
sinðm;m

0Þ. (29b)

Inserting Eqs. (25) and (28) in Eqs. (21c) and (21d) and integrating over j0 leads immediately to the
development of the source function into Fourier series, with

S1ðt; m;jÞ ¼
oðtÞ
4p

XS

s¼0

ð2� d0sÞ cos½sðj� j0Þ�P
s
cosðm; m0ÞE0et=m0 , (30a)

Sn41ðt;m;jÞ ¼
oðtÞ
2

XS

s¼0

ð2� d0sÞ cos½sðj� joÞ�

Z þ1
�1

ðPs
cosL

s
n�1;cos � Ps

sinL
s
n�1;sinÞdm

0

�

þ sin½sðj� joÞ�

Z þ1
�1

ðPs
sinL

s
n�1;cos þ Ps

cosL
s
n�1;sinÞdm

0

�
. ð30bÞ

The variables t, m, m0 have been omitted in the integral terms. The problem is to derive the coefficients of the
matrices Ps

cosðm; m
0Þ and Ps

sinðm;m
0Þ. The hint was firstly suggested by Kuscer and Ribaric [29]. It consists in

developing the Pij(Y) elements in the left hand sides of Eqs. (29) in series of convenient generalized Legendre
functions, Pm,n

l(Y) according to Eq. (12). The additivity theorem of these functions (see Appendix B) is such
that cosð�mwþ nw0ÞPl

m;nðYÞ and sinð�mwþ nw0ÞPl
m;nðYÞ products may be expanded into Fourier series of

cosðsðj� j0ÞÞ and sinðsðj� j0ÞÞ, respectively, thus providing the required coefficients. The development
is somewhat intricate. Detailed developments are given in [24,25], and a brief explanation is given in
Appendix C.

After immediate rearrangements of the matrix products in Eqs. (30), with the radiance vector Ls
n standing

for ðIs
n;Q

s
n;U

s
n;V

s
nÞ

T (and Ls
n ¼ Ls

n;cos þ Ls
n;sin), identification of terms in cosðsðj� j0ÞÞ and sinðsðj� j0ÞÞ

leads to the separation of Eqs. (21) into separate equations with the only variables t and m

Ls
nðt; mo0Þ ¼ �

Z t

0

e�ðt
0�tÞ=mSs

nðt
0;mÞdt0=m, (31a)

Ls
nðt; m40Þ ¼ Lup;s

n ðt
�;m40Þe�ðt

��tÞ=m þ

Z t�

t
e�ðt

0�tÞ=mSs
nðt
0;mÞdt0=m, (31b)

where

Ss
1ðt; mÞ ¼

oðtÞ
4p

et=m0Psðt;m; m0ÞE0, (31c)

Ss
n41ðt;mÞ ¼

oðtÞ
2

Z þ1
�1

Psðt; m;m0ÞLs
n�1ðt;m

0Þdm0, (31d)

and

L
up;s
1 ðt

�;m40;jÞ ¼ ð�m0ÞR
sðm; m0ÞE0et

�=m0=p, (31e)

L
up;s
n41ðt

�;m40Þ ¼ 2

Z 0

�1

ð�m0ÞRsðm;m0ÞLs
n�1ðt

�;m0Þdm0 (31f)
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with Psðt;m; m0Þ in the form

Psðt;m; m0Þ ¼

PL
l¼s

blP
l
sP
0l
s

PL
l¼s

glP
l
sR
0l
s

PL
l¼s

�glP
l
sT
0l
s 0

PL
l¼s

glR
l
sP
0l
s

PL
l¼s

alR
l
sR
0l
s þ zlT

l
sT
0l
s

PL
l¼s

�alR
l
sT
0l
s � zlT

l
sR
0l
s

PL
l¼s

�lT
l
sP
0l
s

PL
l¼s

�glT
l
sP
0l
s

PL
l¼s

�alT
l
sR
0l
s � zlR

l
sT
0l
s

PL
l¼s

alT
l
sT
0l
s þ zlR

l
sR
0l
s

PL
l¼s

��lR
l
sP
0l
s

0
PL
l¼s

��lP
l
sT
0l
s

PL
l¼s

�lP
l
sR
0l
s

PL
l¼s

dlP
l
sP
0l
s

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

(32)

i.e. Ps ¼ Ps
cos þ Ps

sin, except for the opposite sign in the upper right 4� 4 sub-matrix, from the ½�Ps
sinL

s
n�1;sin�

term in Eq. (30b).
In Eqs. (31e) and (31f), we consider that the matrix reflectance of the surface, with assumed axial symmetry,

is expanded in the same form as the phase matrix, with R instead of P in Eq. (28), which leads to the same
developments and rearrangements. The problem is addressed in Section 5.

In Eq. (32), the coefficients a, b, d, g, d, e, B depend on t according to the scattering properties of the
atmosphere at level t. The functions Pl ;P

l
s;R

l
s;T

l
s are defined in Appendix B. In order to lighten the notations,

with F ¼ Pl ;P
l
s;R

l
s; or Tl

s, F stands for F(m) and F0 for F(m0). Note that, in the summations over l, for l ¼ 0 and
l ¼ 1, only terms with b0, b1, d0 and d1 differ from zero. The form of Psðt; m;m0Þ depending of the different
conventions of sign is discussed in Appendix A.

5. Surface reflectances

A major distinction has to be made between land and water surfaces. Both exhibit diffuse and specular
reflectance properties but in quite inverse proportions.

Seawater surface reflects according to the well-known Fresnel’s law, and the corresponding reflectance is
highly anisotropic and polarizing. A realistic modeling of water surface is the model of Cox and Munk [30],
which considers that the sea surface consists in a juxtaposition of wave facets, smooth enough to act like
Fresnel’s specular reflectors, but oriented randomly. The major resulting effect is the sunglint, localized about
the specular direction, but reflection of the diffuse downward radiance is sensitive in all directions. At short
wavelengths, seawater scattering leads to some diffuse water leaving radiance. In the OS code, this term is
accounted for by the way of a Lambertian, i.e. isotropic and non-polarizing, reflectance.

The reflectance of land surfaces is often assumed to follow the Lambert’s law. However this is only an
approximation. Land reflectance is generally intermediate between that of a perfectly diffuse Lambertian
reflector and that of a perfect specular reflector, which suggests it is the sum of diffuse and specular components.
It is generally admitted that the diffuse component is non-polarized and emanates from multiple scattering or
multiple reflection effects, while the non-diffuse component, spread about the specular direction, is polarized and
emanates from single specular reflections on surface elements of the ground (leaves, rocks,...) [31,32].

Moreover, the land reflectance is much more versatile than water reflectance. Most soils have a low reflectance
(5–10%) in the ultraviolet and visible spectrum, with the exception of white sand (around 40%); vegetation has
also a low reflectance at short wavelengths, with a rapid increase to 30–40% in the near infrared; finally the
highest reflectance is observed for snow covered ground, and can reach 90% for fresh clean snow [33].

5.1. Diffuse reflectance term

To take into account the diffuse and specular components of the reflectance, let us write Rðm;j;m0;j0Þ in
Eqs. (21e) and (21f) into the form

Rðm;j;m0;j0Þ ¼ Rdif ðm;j;m0;j0Þ þ Rspðm;j;m0;j0Þ, (33)

where Rspðm;j;m0;j0Þ is examined in Section 5.2.
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The non-polarized diffuse reflectance concerns only the first Stokes’ parameter and leads obviously to

Rdif ðm;j; m0;j0Þ ¼

rðm;j;m0;j0Þ 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0
BBB@

1
CCCA. (34)

For the Lambertian approximation, rðm;j;m0;j0Þ reduces to a constant and only the azimuth independent
term, Ls¼0, is modified by the boundary condition.

Given some model of the land bidirectional reflectance distribution function, rðm;j;m0;j0Þ, symmetric about
the incidence plane, generalization to anisotropic diffuse reflectance should be obtained by expanding
rðm;j;m0;j0Þ into the form

rðm;j;m0;j0Þ ¼
XM
s¼0

ð2� d0sÞ cosðsðj� j0ÞÞrsðm; m0Þ (35)

leading to

Rs
dif ðm;m

0Þ ¼

rsðm;m0Þ 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0
BBB@

1
CCCA (36)

in Eqs. (31e) and (31f).

5.2. Specular reflectance term

According to Cox and Munk [30], we assume that the entire water surface or some part of the land surface
consists in small Fresnel’s reflectors with random orientation. More precisely, let S and dS stand, respectively,
for some horizontal area of the surface and for its fraction occupied by reflectors whose the direction of the
normal is (mn, jn) within don. Then, the surface is characterized by the distribution function p(mn, jn) such that

pðmn;jnÞdon ¼ dS=S. (37)

Let us consider in these conditions the radiative flux reflected by S in direction (m, j) within do when
illuminated by an unpolarized parallel beam with irradiance E0 in direction (m0, j0). The flux is mLupSdo,
where Lup is the radiance reflected in direction (m, j). It comes from specular reflection of the incident beam on
surface elements with convenient orientation (Fig. 5), which gives a flux rðiÞdS0 cos iE0 where r(i) is the
Fresnel’s reflection coefficient for incident natural light; i is the incidence angle on the elements, and dS0 is
their surface, i.e. dS/mn or Sp(mn, jn)don/mn. According to the Snell Descartes’ law, the flux within do comes
from reflectors oriented within don such that do ¼ sinð2iÞ2 di dc if don ¼ sin i di dc (Fig. 5). The previous
expressions lead to

Lup ¼
pðmn;jnÞE

0

4mmn

rðiÞ (38)

that is to the bidirectionnal reflectance distribution function, say RspðiÞ, such that

ð�m0ÞRspðiÞ ¼
ppðmn;jnÞ

4mmn

rðiÞ (39)

where mn, jn, i are derived easily from m, j, m0, j0.
Generalization to polarized light is straightforward when refering the Stokes parameters to directions

parallel and perpendicular to the reflection plane, which contains the normal to the elements and the incident
and reflected directions. In Eq. (38), one has just to substitute to Lup and E0 their vector forms, and to r(i), the
classical Fresnel’s reflectance matrix r(i), refered to these axes, which leads to the bidirectionnal reflectance
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Fig. 5. The solid angle, don, of normals to wave facets providing light reflected within do, with do ¼ 4don according to the Snell–

-Descartes’s law.
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matrix Rsp(i) such that

ð�m0ÞRspðiÞ ¼
ppðmn;jnÞ

4mmn

rðiÞ (40)

with

rðiÞ ¼
1

2

r2l ðiÞ þ r2r ðiÞ r2l ðiÞ � r2r ðiÞ 0 0

r2l ðiÞ � r2r ðiÞ r2l ðiÞ þ r2r ðiÞ 0 0

0 0 2rlðiÞrrðiÞ 0

0 0 0 2rlðiÞrrðiÞ

0
BBBB@

1
CCCCA (41)

considering for simplicity non-absorbing seawater. Generalization to complex refractive index of water is
straightforward. In Eq. (41), ðr2l ðiÞ þ r2r ðiÞÞ=2 is the reflection coefficient for incident natural light, r(i),
introduced previously.
5.2.1. Case of land surfaces

We firstly consider the case of land surfaces. Two simple models of land surface polarization are considered
in the OS code. They have been adjusted on in situ measurements of the polarized light reflected by desert
surfaces and by dense vegetation covers. The models are described and compared with measurements in Breon
et al [34] and in Rondeaux and Herman [35] The corresponding forms of p(mn, jn) are mn/p and mnm(�m0)/
[p(m�m0)], respectively, which, according to Eq. (40), leads to

ð�m0ÞRspðiÞ ¼ hðm; m0ÞrðiÞ, (42)

where

hdesertðm; m0Þ ¼
1

4m
; hveget:ðm;m0Þ ¼

ð�m0Þ
4ðm� m0Þ

(43)

for desert surfaces and vegetative covers, respectively.
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Matrices RspðiÞ are refered to the reflection plane (like PðYÞ, Eq. (10), to the scattering plane), while
Eqs. (21) need matrices Rspðm;j; m0;j0Þ, like Pðt; m;j;m0;j0Þ, refered to the vertical planes. As established for
the scattering problem, Eq. (17) allows us to take into account the required changes in the reference axes
(see Fig. 6), which gives

ð�m0ÞRspðm;j;m0;j0Þ ¼ hðm;m0ÞTð�wÞrðiÞTðw0Þ. (44)

Given the previous expressions of h(m, m0), the only azimuth-dependent term in Eq. (44) is the Fresnel’s
matrix r(i), so that the expansion of Rspðm;j; m0;j0Þ into Fourier series of the azimuth is straightforward when
noticing the analogy of the reflection and scattering processes, with the reflection plane similar to the
scattering plane, and (p�2i) similar to the scattering angle Y (Fig. 6). Let us develop the elements of r(i) in
Eq. (41), in the same form as the corresponding elements of P(Y) in Eq. (12), that is, with i ¼ ðp�YÞ=2

ðr2l ðiÞ þ r2r ðiÞÞ=2 ¼
XP

l¼0

blPlðcos YÞ,

ðr2l ðiÞ � r2r ðiÞÞ=2 ¼
XP

l¼2

glP
l
2ðcos YÞ,

ðr2l ðiÞ þ r2r ðiÞÞ=2 ¼
XP

l¼2

½alR
l
2ðcos YÞ þ zlT

l
2ðcos YÞ�,

rlðiÞrrðiÞ ¼
XP

l¼2

½zlR
l
2ðcos YÞ þ alT

l
2ðcos YÞ�,

rlðiÞrrðiÞ ¼
XP

l¼0

dlPlðcos YÞ, ð45Þ
Fig. 6. The rotation angles, w and w0, for Fresnel specular reflexion on a surface element dS.
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where Y ¼ p�2i. Then, the matrix Tð�wÞrðiÞTðw0Þ, say rðm;j; m0;j0Þ, is in the form of Eqs. (28) and (29),

rðm;j;m0;j0Þ ¼
XM
s¼0

ð2� d0sÞ½cos½sðj� j0Þ�rs
cosðm;m

0Þ þ sin½sðj� j0Þ�rs
sinðm; m

0Þ� (46)

with rs
cosðm;m

0Þ and rs
sinðm;m

0Þ derived, respectively, from Ps
cosðm;m

0Þ and Ps
sinðm;m

0Þ by substituting to
al ; bl ; gl ; dl ; �l , respectively, al ; bl ; cl ; dl ; el (note that el ¼ 0 for non-absorbing seawater).

Finally, substituting Eqs. (25) and (46) into Eqs. (21e) and (21f), the very same rearrangements and
identifications as performed for the case of the source function lead obviously to expressions of ð�m0ÞRs

spðm;m
0Þ,

in Eqs. (31e) and (31f), into the form

ð�m0ÞRs
spðm;m

0Þ ¼ hðm;m0Þrsðm;m0Þ (47)

with rsðm;m0Þ in the same condensed form as Psðm;m0Þ

rsðm;m0Þ ¼

PP
l¼s

blP
l
sP
0l
s

PP
l¼s

glP
l
sR
0l
s

PP
l¼s

�glP
l
sT
0l
s 0

PP
l¼s

glR
l
sP
0l
s

PP
l¼s

alR
l
sR
0l
s þ zlT

l
sT
0l
s

PP
l¼s

�alR
l
sT
0l
s � zlT

l
sR
0l
s

PP
l¼s

elT
l
sP
0l
s

PP
l¼s

�glT
l
sP
0l
s

PP
l¼s

�alT
l
sR
0l
s � zlR

l
sT
0l
s

PP
l¼s

alT
l
sT
0l
s þ zlR

l
sR
0l
s

PP
l¼s

�elR
l
sP
0l
s

0
PP
l¼s

�elP
l
sT
0l
s

PP
l¼s

elP
l
sR
0l
s

PP
l¼s

dlP
l
sP
0l
s

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

(48)

and with h(m, m0) given by Eq. (43), according to the land surface model.

5.2.2. Case of water surfaces

For the important case of the sea surface in presence of waves, the general form of the wave facet
distribution function derived by Cox and Munk [30] depends on the wind direction. We restrict ourselves in
the OS code to their approximate isotropic model, which depends only on the wind speed, w, and preserves the
symmetry of the reflectance law. In this case

pðmn;jnÞ ¼
1

ps2m3n
exp �

1� m2n
s2m2n

� �
, (49)

where s2 is about 0.003+0.00512w, which yields in Eq. (44)

hðm;m0Þ ¼
1

4s2mm4n
exp �

1� m2n
s2m2n

� �
. (50)

As h(m, m0) also is now azimuth dependent, by the way of mn(m, j, m0, j0), the Fourier series development of
Rspðm;j; m0;j0Þ needs one more step. Given w, let us develop hðm;j;m0;j0Þ into the form

hðm;j; m0;j0Þ ¼
XK

k¼0

ð2� d0kÞ cosðkðj� j0ÞÞhk
ðm;m0Þ. (51)

Substituting Eqs. (46) and (51) into Eq. (44) gives

ð�m0ÞRspðm;j; m0;j0Þ ¼
XM
s¼0

XK

k¼0

½ð2� d0kÞð2� d0sÞ cosðscÞ cosðkcÞ�h
krs

cos

þ
XM
s¼0

XK

k¼0

½ð2� d0kÞð2� d0sÞ sinðscÞ cosðkcÞ�h
krs

sin, ð52Þ

where c stands for (j�j0), and where the (m, m0) dependence has been omitted.
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In the right-hand side of Eq. (52), multiplication by the symmetric scalar functions hk let unchanged the
structure of the matrix, so that ð�m0ÞRspðm;j;m0;j0Þ is again in the form of Eqs. (28) and (29). Thus, writing

ð�m0ÞRspðm;j;m0;j0Þ ¼
XM 0
s¼0

ð2� d0sÞ½cos½sðj� j0Þ�r�scosðm; m
0Þ þ sin½sðj� j0Þ�r�ssinðm;m

0Þ� (53)

substitution of Eqs. (25) and (53) into Eqs. (21e) and (21f) obviously leads for ð�m0ÞRs
spðm;m

0Þ, in Eqs. (31e) and
(31f), to

ð�m0ÞRs
spðm;m

0Þ ¼ r�sðm;m0Þ. (54)

In Eq. (54), r�sðm;m0Þ stands for the condensed form r�s ¼ r�scos þ r�ssin, except for the opposite sign in the upper
right 4� 4 sub-matrix, just as rsðm;m0Þ in Eq. (47). Note that cosðscÞ cosðkcÞ and sinðscÞ cosðscÞ, in Eq. (52),
provide cos½ðsþ kÞc� and sin½ðsþ kÞc� terms, so that M0 ¼M+K, in Eq. (53).

Let us call r�sij ðm; m
0Þ the elements of r�sðm; m0Þ, i.e.

r�sðm;m0Þ ¼

r�s11ðm;m
0Þ r�s12ðm;m

0Þ r�s13ðm; m
0Þ r�s14ðm; m

0Þ

r�s21ðm;m
0Þ r�s22ðm;m

0Þ r�s23ðm; m
0Þ r�s24ðm; m

0Þ

r�s31ðm;m
0Þ r�s32ðm;m

0Þ r�s33ðm; m
0Þ r�s34ðm; m

0Þ

r�s41ðm;m
0Þ r�s42ðm;m

0Þ r�s43ðm; m
0Þ r�s44ðm; m

0Þ

0
BBBB@

1
CCCCA. (55)

The last point is to explicit these elements in terms of the coefficients hk and of the elements rij
s with similar

ranks i and j in Eq. (48).
Let us consider the symmetric elements, leading to the 4� 4 upper left and lower right sub-matrices in

Eq. (55). According to Eq. (52)

XM 0
0

ð2� d0sÞ cosðscÞr�sij ¼
XM
l¼0

XK

k¼0

ð2� d0kÞð2� d0lÞ cosðkcÞ cosðlcÞh
krl

ij (56a)

or

XM 0
s¼0

ð2� d0sÞ cosðscÞr�sij ¼
XM

l¼�M

XK

k¼�K

eiðkþlÞchkrl
ij (56b)

assuming that h�k
¼ hk and r�l

ij ¼ rl
ij. Putting s ¼ k+l (thus k ¼ s�l) in Eq. (56b) and permutating the

summation, with rl4M
ij ¼ 0, gives

XM 0
s¼0

ð2� d0sÞ cosðscÞr�sij ¼
XMþK

s¼�M�K

eisc
XM

l¼�M

hs�lrl
ij (56c)

or

PM0
s¼0

ð2� d0sÞ cosðscÞr�sij ¼ hsr0ij þ
PMþK

s¼1

ð2� d0sÞ cosðscÞ
PM
l¼1

½ðhsþl
þ hjs�ljrl

ijÞ�: (56d)

Identification of the terms in cos(sc) in Eq. (56d) thus gives

r�sij ¼ r0ijh
s
þ
XM
l¼1

rl
ijðh

lþs
þ hjl�sj

Þ. (57)

Similar calculations for the anti-symmetric elements, starting from

XM 0
s¼0

ð2� d0sÞ sinðscÞr�sij ¼
XM
l¼0

XK

k¼0

ð2� d0kÞð2� d0lÞ cosðkcÞ sinðlcÞh
krl

ij (58)
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but introducing now h�k
¼ �hk and r�s

ij ¼ �rs
ij , lead for the elements of the 4� 4 lower left and upper right

sub-matrices in Eq. (55)

r�sij ¼ �
XM
l¼1

rl
ijðh

lþs
� hjl�sj

Þ. (59)

To sum up, Eqs. (54) and (55) provide the required boundary condition for the specular reflectance, with the
elements r�sij in Eq. (55) derived, according to their parity, from Eq. (57) or (59) where the coefficients hk

depend on the wind velocity and the rs
ij are given by Eq. (48).

Note that an accurate development of hðm;j; m0;j0Þ may require K as large as 96 or more. As the resulting
order M0 ¼M+K of the Fourier series development of ð�m0ÞRs

spðm;m
0Þ, then, is generally larger than S,

Eqs. (31) are applied for s ¼ 0; 1; . . . ;S, and the total diffuse radiation field is given by

Lðt;m;jÞ ¼
XS

s¼0

ð2� d0sÞðcosðsðj� jsÞÞL
sðt;mÞ þ

XM0
s¼Sþ1

ð2� d0sÞ cosðsðj� jsÞÞr
�sðm; moÞEse

t�=m0e�ðt��tÞ=m.

(60)

The same simplification may be useful for calculations over land surfaces, when M in Eqs. (35) or (46) is
larger than the useful order S (for example: S ¼ 2 for pure molecular scattering).

In order to avoid the previous development of the reflectance matrix, a simplified treatment consists to
consider the seawater surface as a plane horizontal water surface. Then, Lup

n ðt
�;m;jÞ reduces to the specular

reflection of the downward radiance Lup
n�1ðt

�;m0;j0Þ in the direction ðm0 ¼ �m;j0 ¼ jÞ. As the reflection plane
coincides with the reference vertical planes, the boundary condition is simply

L
up
n41ðt

�;m40;jÞ ¼ rðyÞLn�1ðt�;�m;jÞ for m40; for n41. (61)

Eq. (61), however, stands only for n41 since the once time reflected photons are into the solar beam
reflected in the specular direction ð�m0;j0Þ, i.e.

EupðtÞ ¼ rðp� y0ÞE0eð2t
��tÞ=m0dðmþ m0Þdðj� j0Þ. (62)

To initiate the contribution of these photons to the diffuse radiation field, primary scattering from EupðtÞ
has to be taken into account into the source function S1ðt; m;jÞ. Accounting for this modification, after
straightforward separation in azimuth, in the OS formulation of the probem, Eqs. (31c), (31e) and (31f) have
to be replaced, respectively, by

Ss
1ðt;mÞ ¼

oðtÞ
4p
ðet=m0Psðt; m;m0ÞE0 þ eð2t

��tÞ=m0Psðt; m;�m0Þrðp� y0ÞE0Þ, (63a)

L
up;s
1 ðt

�;m40Þ ¼ ð�m0ÞR
s
dif ðm;m0ÞE0e

t�=mo=p, (63b)

L
up;s
n41ðt

�;m40Þ ¼ rðyÞLs
n�1ðt

�;�mÞ þ
Z 0

�1

2ð�m0ÞRs
dif ðm;m

0ÞLs
n�1ðt

�;m0Þdm0. (63c)
6. Numerical approximations

In numerical codes, the optical depth t and the zenith angle cosine m are discretized, and the integrals are
approximated by sums. For m, a Gauss quadrature of even order P is chosen in Eqs. (31d) and (31f), with
Gauss points mp, and Gauss weights ap, which satisfy the relations mp ¼ �m�p and ap ¼ a�p. For t, the
atmosphere is divided into K homogeneous layers, with interfaces at tk, such that t1 ¼ 0 and tKþ1 ¼ t�; the
layer k, of optical depth Dtk, is between tk and tk+1 (see Fig. 7).

Let us consider the upward radiance in some direction mp. Starting from Ls
1ðtKþ1;mp40Þ given by

Eq. (31e), Ls
1ðtk; mp40Þ is derived successively at levels k ¼ K ;K � 1;K � 2; . . . ; 1 from Eq. (31b)
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Fig. 7. Discretization of the optical depth in the atmosphere, t.
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approximated into the form

Ls
1ðtk;mp40Þ ¼ Ls

1ðtkþ1;mp40Þe�Dtk=mp þ
1

4p
½ōP̄s
ðmp;m0Þ�kE0ðe

tkþ1=m0 þ etk=m0 Þ=2 (64)

accounting for Eq. (31c) for Ss
1ðtk;mpÞ. The mean value of the kernel, ½ōP̄s

ðmp; m0Þ�k, over the layer k is
expressed as follows.

To handle several types of aerosols with different vertical profiles, M different modes of scattering particles
may be considered, including molecules. For each mode M, the albedo, om, and the phase matrix, PmðYÞ, are
fixed, and the total optical thickness is distributed arbitrarily between the K layers. An absorbing gas without
line structure is entered as an aerosol mode, but with om ¼ 0. With Dtk;m for the optical thickness of mode m

in layer k,

½ōP̄s
ðmp;m0Þ�k ¼

XM
m¼1

omDtm;kPs
mðmp;m0Þ

" #, XM
m¼1

Dtm;k

" #
. (65)

An equation similar to Eq. (64) stands for the primary scattering downward radiance, which is derived
successively at levels k ¼ 2; 3; . . .K þ 1. With Ls

1ðtk;mpÞ calculated at all levels in the 2P Gauss directions, the
calculation of all Ls

2ðtk;mpÞ is performed in the same manner, and so on. Ls
n41ðtK ;mp40Þ is firstly derived from

Eq. (31f) by a Gauss quadrature, and, accounting for the source function in Eq. (31d), for n41, Eq. (31b) is
replaced by

Ls
n41ðtk;mp40Þ ¼ Ls

n41ðtkþ1;mp40Þe�Dtk=mp þ
1

2

XþP

q¼�P

aq½ōP̄
s
ðmp; mqÞ�kðL

s
n�1ðtkþ1;mqÞ þ Ls

n�1ðtk; mqÞÞ=2:s

(66)

Finally, we have to choose the order of five expansions:
�
 L for the phase function (or matrix) coefficients, generally given by Mie theory,

�
 S for the Fourier series,

�
 N for the number of successive scattering,

�
 P for the Gauss quadrature, and

�
 K for the number of layers.
The order L of the Mie coefficients depends on the radius r of the particles, or more precisely on the ratio
2pr=l where l is the wavelength. For Rayleigh scattering L ¼ 2. For large particles L increases very fast,
mainly to represent the strong forward peak. In this case, a simplification is introduced by replacing the peak
with a Delta function [36]. Generally L is limited to 50 or 80.
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We have seen that S is limited to S ¼ L, but, in many cases, it can be much smaller, especially if the
directions of interest are not too low on the horizon. When the interest is in irradiance, zenith sky radiance, or
any problem with symmetry around the vertical, only S ¼ 0 is needed, i.e. the azimuth independent term.

A Gauss quadrature of order P gives the exact value of the integral for a polynomial of degree smaller than
or equal to 2P. The necessary order depends on the more or less rapid angular variation of the function to be
integrated. For typical terrestrial aerosols 2P ¼ 48 is convenient.

The number N of scattering to use for a precision DL on the radiance, is in principle such that ðt�ÞN � DL,
but the convergence is generally tested in the code. Moreover, the ratio Lnþ1=Ln tends to become constant for
large n, allowing to approximate the high orders of scattering by a geometrical series.

For moderate solar zenith angles and optical thicknesses (say t� � 0:1� 0:5), K between 20 and 30 is
reasonable. For an expected accuracy DL � 10�4, K � 100 is needed.

7. Examples of applications of the OS code

The OS code described above is multifunctional and flexible, and it can be used for various purposes. In order
to clarify the possible applications, let us first summarize the input parameters to the code and its outputs.

The major input parameters are:
(i)
 the atmospheric profiles of air molecules, absorbing molecules, and various types of aerosols,

(ii)
 the properties (function of wavelength) of the atmospheric constituents, extinction coefficient, single

scattering albedo, phase matrix for all scatterers, absorption cross sections for absorbing gases,

(iii)
 the surface reflectance characteristics, and

(iv)
 the solar zenith angle.
We have seen in Section 6 that the orders of 5 expansions have to be chosen, i.e. L for the phase function or
matrix, S for the Fourier series, N for the number of successive scatterings, P for the Gauss quadrature, K for
the number of layers. Assuming that these orders are correctly chosen, the result accuracy depends only on the
accuracy of the input parameters.

A final parameter is the radiation wavelength, which has to be fixed at the beginning of the code. Most
generally the code includes a loop over wavelengths in a given spectral interval; the choice of wavelengths can
be either discrete, for analyzing data obtained with filter instruments, or continuous, with a fixed step, when
analyzing spectral measurements.

The direct outputs of the code are:
(i)
 the radiance Lðt;m;jÞ at directions (m, j), and at levels t either defined by the discretizations, or requested
by the user. The output radiance is proportionnal to the input value for E0. By entering E0 ¼ 1, the output
is given in unit of the extraterrestrial solar flux E0; then, if the radiance is wanted in energetic units, the
code output has to be multiplied by the extraterrestrial flux [37]. By entering E0 ¼ p, the output is given in
unit of dimensionless normalized radiance, pL/E0 and
(ii)
 the two Stokes parameters Q(t, m, j) and U(t, m, j) for the same level and directions; V(t, m, j) is very
small and generally neglected. The degree of polarization and its direction are derived from Eqs. (6)–(8).
From the radiance, important integral quantities can be derived: (i) the upward and downward irradiances
received on an horizontal plane; their difference is the net flux which determines the radiative heating rate; (ii) the
upward and downward spherical (or actinic) fluxes; their sum is the total actinic flux, in which the radiance from
each direction has the same weight; the total actinic flux determines the photochemical reactions in the atmosphere
These integral quantities depend only on the azimuth independent term of the radiance; moreover, the influence of
polarization is, in this case, negligible. Therefore they can be obtained by a simplified version of the code.

As mentioned above, the results can be obtained at any level t in the atmosphere. But the levels of interest
are most often, either the surface ðt ¼ t�Þ, for analysis of ground-based observations, or the top of the
atmosphere (t ¼ 0), for analysis of satellite observations. This corresponds to the two main applications
developed at LOA. One of them concerns the analysis of remote sensing of aerosols: the code is run for a few
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discrete wavelengths, corresponding to the instrument channels, and the output data are radiance and
polarization at the top of the atmosphere, for the satellite observation directions. The other concerns the
analysis of ultraviolet (UV) spectral observations at the Earth’s surface, the code is run with a narrow step
over wavelength in the ultraviolet range, and ozone absorption is included; the useful output data are the
irradiance and/or the actinic flux at the surface.

A few other cases have been considered, and the code has been made available to other research groups. Let
us mention, as examples:
�

Fig

rad

obs
computations of visible sky radiance, for validation purpose with various atmospheric models [38] and

�
 distribution of sky radiance at two UV wavelengths taking into account molecular polarization [39].

7.1. Remote sensing

Applications of the code are described in papers concerning atmospheric modeling for the Earth
observation from the top of the atmosphere (TOA) (e.g. [40]) and aerosol remote sensing from ground-based
measurements (e.g.[41]). More recently, in the context of the POLDER experiment [42], the code was used for
the vicarious calibration of the system [43] and for aerosol retrievals over land surfaces (e.g. [44]) and over the
ocean (e.g. [45]).

Examples of the code outputs are shown in Figs. 8–10. Figs. 8 and 9 illustrate the problem of the sea surface
modeling for aerosol retrieval over the ocean. To estimate the range of the sunglint contamination in TOA
0
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. 8. Polar plot of viewing directions, (y, j), at TOA. The solar zenith angle is 401 (S). Continuous curves correspond to normalized

iance of the sunglint equal to 0.001, according to the model of Cox and Munk, for wind speeds ranging from 2 to 20m/s. Circles show

ervation geometries, convenient for aerosol observations, for which measurements are simulated in following Figs. 9 and 10.
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Fig. 9. Influence of the sea surface modeling in TOA measurements. For the viewing geometries given by circles in Fig. 8 and the aerosol

model described in the text, the radiance (upper curves) and polarized radiance (lower curves) at TOA are reported as a function of the

scattering angle with, respectively, reflection on the sea surface neglected (circles), accounted for by the plane sea surface approximation

(squares), and accounted for by the Cox and Munk isotropic model for w ¼ 7m/s (dots). The radiances are normalized, which means that

the extraterrestrial flux E0 is taken equal to p.
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observations, the continuous curves in Fig. 8 show, in polar coordinates (y, j), viewing directions for which
the sunglint normalized radiance, pLðy;jÞ=E0, is 0.001, according to the Cox and Munk isotropic model, for
wind speeds ranging from 2 to 20m/s. Circles are examples of viewing directions reasonably preserved from
the sunglint, convenient for aerosol observations. The corresponding scattering angles range about from 1051
to 1701.

For these viewing geometries, Fig. 9 shows, as a function of the scattering angle, the normalized total
radiance and polarized radiance derived from the code for l ¼ 865 nm, for an aerosol optical thickness
t� ¼ 0:25. The aerosol consists in a fine mode of spherical particles with real refractive index m ¼ 1.45; the size
distribution is log-normal, with modal radius r̄ ¼ 0:08mm and variance s ¼ 0.46, as described in [45]. The
assumed wind speed is 7m/s. and the ocean-backscattered radiation is assumed to be zero. For comparison,
the results obtained using the approximation of plane sea surface and neglecting the surface effect (i.e. only the
atmospheric contribution) have been also reported. As seen in Fig. 9, complete modeling of the sea surface
effect is worthwhile.

Fig. 10 illustrates the influence of the aerosol vertical profile. As Fig. 9, it presents the normalized total and
polarized radiances, in function of the scattering angle, but for different aerosol profiles. For the same
conditions as in Fig. 9, molecules and aerosols are mixed with vertical density profiles in the form exp½�z=H�

and exp½�ððz� z0Þ=DzÞ2�, respectively, with H ¼ 8 km and Dz ¼ 0.75 km. The TOA radiances calculated for
z0 ¼ 2, 8 and 16 km are nearly the same for l ¼ 865 nm and are not presented, but, for l ¼ 443 nm, Fig. 10
shows that the measurements are sensitive to the altitude of the aerosol layer, especially the polarized light.
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Fig. 10. Influence of the aerosol vertical profile in TOA measurements at short wavelengths. Normalized radiance (upper curves) and

normalized polarized radiance (lower curves), for the same aerosol model as in Fig. 9, but for l ¼ 443 nm, and for 3 mean altitudes z0 (see

text) of the aerosol layer.
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Because of the extinction effect of the aerosols, the lack of the molecular contribution to polarized light
becomes sensitive at shorter wavelengths.

7.2. Spectral UV irradiance

This particular version of the OS code has been developed for analyzing the influence of the various
atmospheric parameters on the spectral UV irradiance, observed at several ground-based stations in
Europe, including two French stations, at Villeneuve d’Ascq and at Brianc-on. This activity was part of
two successive programmes of the European Commission, SUVDAMA (Scientific UV Data Management)
and EDUCE (European Database for Ultraviolet Radiation Climatology and Evaluation), and of a third
one, CUVRA (Characteristics of UV Radiation field in the Alps), more specifically devoted to the Alpine
regions.

The code is run from 280 to 450 nm, with a wavelength step of 0.5 nm at wavelengths shorter than 345 nm, in
order to follow the small oscillations of the ozone absorption cross section; at larger wavelengths the step is
5 nm. We have checked that the influence of polarization on irradiance is negligible, because of a
compensation between the different directions. Only the azimuth independent part of radiance is computed.
For the sun lower than 301 above the horizon, the pseudo-spherical approximation is used. In order to have
absolute values to compare to measurements, the irradiance given by the code for E0 ¼ 1, is first interpolated
to 0.05 nm, which is the resolution of the best UV extra terrestrial spectrum [46]; after multiplication by the
extraterrestrial flux, the irradiance (now in Wm�2 nm�1) is convoluted with the instrument slit function
(around 0.5 nm).
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The results have been compared to measurements, in case of very low turbidity [47], where the uncertainty
on aerosol amount and characteristics, has an almost negligible impact. The results of several different codes
have also been intercompared [48] for different atmospheres.

Successive reflectances between a highly reflecting snow-covered ground and the sky backscattering lead to a
strong enhancement of the diffuse irradiance. This enhancement has been analyzed theoretically with the OS
code [49]; for fresh clean snow and clear sky, it could reach about 50% at its maximum, around 320–330 nm.
The problem is made more complex, because the snow cover is generally non-homogeneous. At Brianc-on
site, the snow enhancement has been analyzed during the winter 2002, and the maximum enhancement
found to be about 25%. This is conveniently expressed in term of an effective albedo [50], which would lead
for an homogeneous reflecting surface, to the same enhancement observed for the inhomogeneous actual
surface.

The same code has also been used successfully, to compute the actinic flux during an international
intercomparison of models and measurements, performed in Boulder, June 1998 [51].

8. Conclusion

In this paper, we have presented a radiative code, based on the successive orders of scatterings, developed at
LOA. The code uses the vector form of the radiative transfer equation, which takes into account polarization
effects. The code in its complete form, can handle different aerosol models, and Earth’s surface reflection laws.
The different discretizations used in the code, have been carefully tested, and the accuracy of the results
depends only on the accuracy of the input parameters.

We have given up the idea of proposing one more ‘‘monster code’’, which can be used as a black box, for
solving any problem, at the cost of unnecessary long computer time, and of a large risk of error. The code can
be obtained in different versions from the authors, and the detailed description given in this paper, aims at
helping the potential users to make their own choice between versions, and to adapt the code at best to their
own problem.
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Appendix A. Symmetries and sign rules

As outlined by Van der Mee and Hovenier [24], the final vector form of the problem depends on the
employed conventions.

Given the coefficients ðal ;bl ; . . . ; �lÞ and ðal ; bl ; . . . ; elÞ and the incident solar irradiance, the numerical
solution of the ET depends only on the structures of Pðt;m;j;m0;j0Þ and Rðm;j;m0;j0Þ. They have been
obtained here assuming that ðl; r;kÞ is a right-handed cartesien coordinate system, and that j and w are
counted in the direct direction, respectively, around Oz and k.

Let us count the azimuth in the opposite direction. The same radiation field then gives opposite signs of the
numerical values of U and V according to Eq. (24). Obviously, this is obtained by changing the signs of the
elements anti-symmetric with respect to (j�j0) in Psðt;m; m0Þ and Rsðm;m0Þ, i.e. the upper right and lower left
4� 4 submatrices. In the mathematical development, this change comes from the Pl

m;nðYÞ addition theorem,
with opposite sign for the sinð�mwþ nw0ÞPl

m;nðcos YÞ development when using opposite direction for the
azimuth (Appendix B, Eq. (B.8)).

Going back to the usual sign for j let us use ðr; l;kÞ rather than ðl; r;kÞ as a right-handed coordinate system,
with r in the opposite direction for example. The phase retardation of El relative to Er, d, is changed into d+p,
and the same radiation field gives again opposite numerical values of U and V (Eq. (5)), which leads to the
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same changes in Psðt;m; m0Þ and Rsðm;m0Þ. In the mathematical development, the change comes now from
opposite signs of the sinus terms in the rotation matrix TðwÞ, with w unchanged but with opposite signs for Er

and E0r.
Finally, the equations are unsensitive to w since changing the positive direction for rotation around

k leads to change both the form of the rotation matrix and the sign of the sinð�mwþ nw0ÞPl
m;nðcos YÞ

development, so that both changes compensate. Of course, equations are unchanged when changing both
the azimuth positive direction and the right-handed coordinate system, which leads to two formulations only
of the ET.
Appendix B. Generalized Legendre functions

We use here generalized Legendre functions, which derive from the functions introduced by Gel’fand and
Sapiro, refered to as GS [26], by

Pl
m;nðmÞ ¼ ðiÞ

m�nPl
m;nðmÞGS, (B.1)

where the subscript [GS] designs the original functions. Therefore our functions are real, and their definition,
derived from GS definition, is

Pl
m;nðmÞ ¼ Al

m;nð1� mÞðm�nÞ=2
ð1þ mÞ�ðmþnÞ=2 dl�n

dml�n
ðð1� mÞl�m

ð1þ mÞ1þm
Þ, (B.2)

Al
m;n ¼

ð�1Þl�m

2lðl �mÞ!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl �mÞ!ðl þ nÞ!

ðl þmÞ!ðl � nÞ!

s
, (B.3)

where l, m, n are integers; m and n can be positive, negative or zero; l is X sup(jmj,jnj). The Pl
m;nðmÞ satisfy the

normalization

Z þ1
�1

Pl
m;nðmÞP

l0

m;nðmÞdm ¼ dll0
2

2l þ 1
. (B.4)

Other important relations, derived from GS, are

Pl
�m;nðmÞ ¼ ð�1Þ

l�nPl
m;nð�mÞ, (B.5a)

Pl
m;nðmÞ ¼ Pl

�n;�mðmÞ ¼ ð�1Þ
m�nPl

n;mðmÞ ¼ ð�1Þ
m�nPl

�m;�nðmÞ. (B.5b)

Pl
0;0ðmÞ reduces to the Legendre polynomial PlðmÞ, and Pl

m;0ðmÞ to the usual associated Legendre function
Pl

mðmÞ.
Addition theorem

In its general form, it reads as

e�imwPl
m;nðcos YÞe

inw0 ¼ ð�1Þn
Xl

s¼�l

ð�1Þseisðj�j
0ÞfPl

m;sðmÞP
l
s;nðm

0Þg, (B.6)
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which gives

cosð�mwþ nw0ÞPl
m;nðcos YÞ ¼ Pl

mðmÞP
l
nðm
0Þ þ

Xl

s¼1

cos½sðj� j0Þ�fPl
s;mðmÞP

l
s;nðm

0Þ þ Pl
s;�mðmÞP

l
s;�nðm

0Þg,

(B.7)

sinð�mwþ nw0ÞPl
m;nðcos YÞ ¼

Xl

s¼1

sin½sðj� j0Þ�fPl
s;mðmÞP

l
s;nðm

0Þ � Pl
s;�mðmÞP

l
s;�nðm

0Þg. (B.8)

Recurence relations

The general recurence relation

l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl þ 1Þ2 �m2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl þ 1Þ2 � n2

q
Plþ1

m;n ðmÞ þ ðl þ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 �m2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � n2

p
Pl�1

m;n ðmÞ

¼ ð2l þ 1Þðlðl þ 1Þm�mnÞPl
m;nðmÞ ðB:9Þ

reduces to the usual recurences for the Legendre polynomials and for the Legendre associated functions. The
derived recurence relations for the Rl

sðmÞ and Tl
sðmÞ functions defined in Eqs. (13) are

l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl þ 1Þ2 � s2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl þ 1Þ2 � 4

q
Rlþ1

s ðmÞ þ ðl þ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � s2

p ffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 4

p
Rl�1

s ðmÞ

¼ ð2l þ 1Þ lðl þ 1ÞmRl
sðmÞ � 2sTl

sðmÞ
� �

, ðB:10aÞ

l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl þ 1Þ2 � s2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl þ 1Þ2 � 4

q
Tlþ1

s ðmÞ þ ðl þ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � s2

p ffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 4

p
Tl�1

s ðmÞ

¼ ð2l þ 1Þ lðl þ 1ÞmTl
sðmÞ � 2sRl

sðmÞ
� �

ðB:10bÞ

with

R2
0ðmÞ ¼

ffiffiffiffiffiffiffiffi
3=8

p
ð1� m2Þ; T2

0ðmÞ ¼ 0;Tl42
0 ðmÞ ¼ 0, (B.11a)

R2
1ðmÞ ¼ �m

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2

p
=2; T2

1ðmÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2

p
=2, (B.11b)

R2
2ðmÞ ¼ ð1þ mÞ2=4; T2

2ðmÞ ¼ m=2 (B.11c)

and for sX2

Rs
sðmÞ ¼

1

2s ð1þ m2Þð1� m2Þs=2�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2sÞ!

ðsþ 2Þ!ðs� 2Þ!

s
, (B.11d)

Ts
sðmÞ ¼

1

2s 2mð1� m2Þs=2�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2sÞ!

ðsþ 2Þ!ðs� 2Þ!

s
. (B.11e)

Appendix C. Expression of the coefficients ðPsðt; m;m0ÞÞij

The expansion of the kernel matrix Pðm;j; m0;j0Þ, into Fourier series has been first obtained by Kuscer and
Ribaric [29], using a representation of the electric field on two inverse circular vibrations, instead of two linear
vibrations, as done for the Stokes parameters. After some intricate mathematics, it is possible to deduce the
expansions with Stokes parameters by combining the Kuscer and Ribaric expansions. We have chosen here to
start directly with the expansions obtained for the elements PijðYÞ (Eqs. (12)). Let us consider Pðm;j; m0;j0Þ in
Eq. (27).
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The terms P11 and P44, according to Eq. (12), are simply expanded into a series of Legendre polynomials.
The usual additivity theorem of the Legendre polynomials leads to the expressions in Eq. (32). This is easy to
understand, remembering that P11 is identical to the phase function p.

The eight other terms of the first and last columns and rows , after introducing Eqs. (12), contain the
functions Pl

2 (cosY), multiplied by cos(2w) or sin(2w), or by the same functions of w0. Using Eqs. (B.7)
and (B.8), written for (m ¼ 0, n ¼ 2) and (m ¼ 2, n ¼ 0), with the definitions in Eqs. (13), the expressions in
Eq. (32) are easily obtained.

The four central terms of Pðm;j;m0;j0Þ are somewhat more difficult to obtain, and we will give some hints
about the method to use.

In order to make appear terms with cosð�mwþ nw0Þ and sinð�mwþ nw0Þ, let us introduce

uðYÞ ¼ ðP22ðYÞ þ P33ðYÞÞ=2, (C.1)

vðYÞ ¼ ðP22ðYÞ � P33ðYÞÞ=2 (C.2)

which transforms the first term into

cc0P22 þ ss0P33 ¼ cosð�2wþ 2w0ÞuðYÞ þ cosð2wþ 2w0ÞvðYÞ; (C.3)

similar expressions are obtained for the three other terms.
Let us write Eqs. ((B.7) and (B.8) for (m ¼ �2 and n ¼ 2) and for (m ¼ 2 and n ¼ 2) and introduce again the

functions Rl
sðmÞ and Tl

sðmÞ. With some rearrangement, it comes four equations, like

cosð�2wþ 2w0ÞPl
2;2ðcos YÞ ¼

Xl

s¼0

ð2� d0;sÞ cosðsðj� j0ÞÞ½Rl
sðmÞR

l
sðm
0Þ þ Tl

sðmÞT
l
sðm
0Þ�. (C.4)

Then, let us develop uðYÞ and vðYÞ into the form

uðYÞ ¼
XL

l¼2

ZlP
l
2;2ðcos YÞ, (C.5)

vðYÞ ¼
XL

l¼2

xlP
l
�2;2ðcos YÞ. (C.6)

Substituting Eq. (C.4) and the three similar equations with Eqs. (C.5) and (C.6) into the four equations similar
to Eq. (C.3) yields Fourier series developments of the central terms.

With

al ¼ Zl þ xl , (C.7)

Bl ¼ Zl � xl (C.8)

the expressions in Eq. (32) are found.
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