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Angular truncation errors in integrating nephelometry
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Ideal integrating nephelometers integrate light scattered by particles over all directions. However,
real nephelometers truncate light scattered in near-forward and near-backward directions below a
certain truncation angléypically 7°). This results in truncation errors, with the forward truncation
error becoming important for large particles. Truncation errors are commonly calculated using Mie
theory, which offers little physical insight and no generalization to nonspherical particles. We show
that large particle forward truncation errors can be calculated and understood using geometric optics
and diffraction theory. For small truncation angles., <10°) as typical for modern nephelometers,
diffraction theory by itself is sufficient. Forward truncation errors are, by nearly a factor of 2, larger
for absorbing particles than for nonabsorbing particles because for large absorbing particles most of
the scattered light is due to diffraction as transmission is suppressed. Nephelometers calibration
procedures are also discussed as they influence the effective truncation err@@03cAmerican
Institute of Physics.[DOI: 10.1063/1.1581355

I. INTRODUCTION the bandwidth of the nephelometer wavelength response, but
_ . _ . . instead results are given as function of size parameter. This
An ideal integrating nephelometer integrates light scatfurthers direct physical understanding and not much is lost in
tered by an aerosol over all directions, that is over 4 terms of direct applicability, as size distribution and wave-
steradian$™ The total extinction is a sum of scattering into length response have to be tailored to the aerosol and
4 steradians and the extinction due to absorption. If thenephelometer characteristics, respectively. As truncation er-
aerosol's refractive index is a real number, it exhibits norors can occur during both nephelometer calibration and use,
absorption and all extinction is caused by the scattered lightalibration procedures and their influence on truncation er-
Real nephelometers are not ideal, but introduce variougors are also discussed.
systematic errors influencing the measured véiddn par- Ideally nephelometer truncation angles should be re-
ticular, a fraction of the near-forward and near-backwardduced well below the common truncation angle of 7° to fa-
scattered light is not measured. This is known as angulagilitate the accurate measurement of total scattering from
truncation erroiT, which is a function of the truncation angle coarse particles. In practice, no significant improvements
a (typical value:a=7°). Forparticles large compared to the have been made over the last few decades. As a consequence
wavelength of the scattered light, this truncation error is genthese conventional nephelometésach as the TSI 356%re
erally larger than other systematic measurement errors anglell suited for the measurement of total scattering from ac-
can become as large as a factor of 2. While truncation errorsumulation mode particle§.e., volume mean diameters be-
have been discussed PfeViQU%W,M understanding of this tween 0.2 and 0.4m) with nonidealities introducing uncer-
phenomenon is still limited. ~Additional ~angular tainties less than 10%.However, for coarse particles
nonidealities, which may arise from the use of a non- (diameters greater Lm) these errors increase dramatically
Lambertian diffuser, are not included in this discussion.  to 20%-509% indicating that these nephelometer are not
In. this grticle, truncation errors fO_r homogeneous,well suited for the measurement of total scattering from
spherical particles are calculated using Mie theory for a macoarse particles. Very recently, an integrating sphere integrat-
trix of size parameters and truncation angles. The refractivehg nephelometer with truncation angles of 1° has been
index of the surro_und@ng med_ium i_S taken to be unity, approdeveloped? Truncation losses for this nephelometer are less
priate when considering particles in the atmosphere. Exterthan 25% for nonabsorbing particles with diameters below
sion to other real refractive indices for the surrounding me-16 um, making it well suited for the measurement of total
dium is trivial. A physical explanation of features that occur scattering from ambient coarse particles.
in the exact Mie theory is given for several limiting cases  In practice, some nephelometers yield measurements at
using Rayleigh scattering, diffraction, reflection, and transmultiple wavelengths, which may be useful for the correction
mission theory. Comparison of these approximate resultsf truncation errors. It has been shown, for field measure-
with Mie theory outlines the size parameters and truncatiomments at a coastal station, that truncation errors for smb-
angles at which the various approximations are useful. Nongarticles are small and well correlated with the wavelength
of our calculations considers the particle size distributions ogependence of the scattering, while truncation errors for
superum particles are large and poorly correlated with the

aAuthor to whom correspondence should be addressed: electronic maiWavelength depgndenée‘[herefore, correction of truncation
hansm@dri.edu errors from multiwavelength nephelometers data seems fea-
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sible only for subum particles. The calculations in this pub- @

lication and the resulting understanding also fully apply to TF(OZF):ZTFJ0 dép(6)sing, (43
near-forward scattering errors in extinction measurements.

Here, a certain angular part of the near-forward scattering is m )

included in the measurement of transmitted beam power, TB(“B):ZWLQBMP(H)S'”&' (4b)

thereby indicating an extinction that is less than the actual

extinction.

For incoherent scattering frofnidentical particles ran-
domly located within a scattering volumé uniformly illu-
minated with irradiancéy, the powerd Ps.{ 6, ¢)/d{) scat-
tered into the solid angld(Q) at a scattering anglé and an
azimuthal anglep, can be written as

dPSce{‘QrQD)_. dCSca(ey<P)
a0 Vo740

where dCs.{ 0,¢)/dQ is the differential scattering cross
section,Cg., is the scattering cross sectidthe differential
scattering cross section integrated over gteradians and

=jl1oCscd(0,0), (1a

p(6,¢) is the scattering phase function that describes the

angular distribution of the scattered power. Equatida)
implies that the phase function is normalized to one:

| dopio.-1 (1

4
(Note that normalization of phase functions te % also in
common useg.In addition to scattering cross sectiofg.,
(dimension of area we use scattering coefficients(dimen-
sion of inverse distangdor ensembles of particles, where
i

o= chca. (2)
The fractional forwardbackward truncation erroif(Tg) is
the powerPc(ag)[ Pg(ag)] of the light near-forwardback-
ward) scattered into a cone with half-anglg-(ag) (this is
the truncation ang)eas a fraction of the totdinto 4+ stera-
diang scattered poweP,,. and can be written as

27

4 3Pt 0.9)
dQ
Te(ap) = o) _ .

Pin 7o (27 dPs{6,9)
fo stmGJO d(’Dd—Q

f désing
0

a 2
=f dasin6J dep(6,¢) (33
0

0
and
™ 27 dPg.{ 0,
f dasinaf dp 2 sed 0.4)
PB(“B): T—ag 0 dQ
2

Pan q dPscd 6,¢)
o T

To(ag) = -
f désing
0

™ 2
=f desinef dep(6,¢).
T—ag 0

(3b)

Defining the phase functiop( ) as the result of the integra-
tion over the azimuthal angle in Egs.(3), these equations
simplify to

The integrals in Egs(4) need to be evaluated with phase
functions obtained for particles of different size and refrac-
tive index. Particle size is expressed as the size parameter
the ratio of particle circumferenced to optical wavelength

et

©)

whered is the particle diameter. The refractive indexis a
complex number with a real componemt responsible
mainly for refraction and reflection and an imaginary com-
ponentk, responsible mainly for absorption with

m=n+ik,

(6)

where the bulk absorption coefficient isré/\.

II. NEPHELOMETER CALIBRATION

Most of this article is concerned with the calculation of
truncation errors with Eq€4). These calculations would be
sufficient if nephelometers could directly measure the trun-
cated scattering coefficient( ar ,ag), the scattering coeffi-
cient within their acceptance angles

T—

ag 2w
a(aF.aB)=of dasin(mfo dep(6,¢)

aE
=0[1-Te(ap)—Tg(ap)]

=oF(ag,0p),

)

whereo=o(ag=0,ag=0) is the total scattering coefficient
one would like to measure arfl a , o) is called the trun-
cation function.

However, real nephelometers do not directly measure
o(ap,ag) but give a signalS that is some function of
o(ag,ag). This relationship can be expressed for small
scattering coefficients in the form of a Taylor expansion as

o(af,ap) S

1! 0)

S(o(af,ag))=S(0)+
Uz(aF’aB)

o1 S'(0)+ ...

o"(ag,ap)

o SMO)+ ... .

(8a)

For typical nephelometers, the linear part of the expansion
[Eq. (8a)] describes the signa@ accurately enough over the
entire measurement range, resulting in

S(o(ag,ap))=W+Ko(ap,ap), (8b)

whereW=S(0) is the signal offset caused mostly by wall
scattering andK=S'(0) is called the gain coefficient. To
obtain values ofW and K, the nephelometer is calibrated
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with two media: one with smallo(ag,ag) termed coefficient of the sample osampie= Tsampid @F Neph
o1(ag,ag) and one with relatively larger(ag,ag) [still =0,ag_nepi=0) can be calculated with E@7) as

satisfying the approximations of Eq&a) and (8b)] termed
o,(ag,ag). Calibration media are commonly gasésg.,

. o . T Samplé™ Tsamplé @F_Nepti= 0:@8_Nepti= 0)
zero air and carbon dioxifiebut aerosols and solids can also ampie: = =ampie = _Tep —ep

be used:51®~18The nephelometer signal is measured with O sampld @F_Neph @B_Neph
both media sequentially, yielding two signdtsne for each - F sampid @F , @p) ' (9b)
medium, S; andS;:

S1 A e Neph @B_Neph) =W+ Koy A @ coeits ¥8_coef) s If a gas is used for calibration, its phase function is the well-

(80) known Rayleigh phase function. For homogeneous, spherical
where we distinguish between the actual truncation ang|e§alibration aerosols with known size distributions and refrac-
@ neph@nd ag nepna@nd the truncation anglese coer and tiv_e indices, phase _functions can be read?ly calculated using
ap coeft USEd to determine the truncated scattering coeffiMie theory. Truncation angles for integrating nephelometers
cients o(ar coet @8 coe). The determination of the trun- are commonly known and therefore the truncated scattering
cated scattering cross sections requires knowledge of tHeP€ffiCientosampid @F_nepn @8_nepn fOr @ sample can be ob-
nephelometer truncation angles and the phase functions &tined from Eq.9a). The last step, obtaining the integrated
the calibration media. From Ed80), the calibration con- Scattering coefficient osampie= sampid @F_Nept= 0,8 _Neph

stantsK andW are =0) f_rom Eq.(9b), is.unfortunately often impgssible as the
effective phase function of a sample aerosol is generally un-
_ S1(@F_Neph @B_Neph) ~ S2(@F_neph ¥B_Neph) d known. Possible solutions to this problem include using a
01(@F_coeft @B _coef) ~ T2( AE_coefts ¥B_Coeft) nephelometer with small truncation angle, measuring or es-

timating the aerosol size distribution and calculating the
phase function, measuring the phase function with a polar
W= Si(@F_neph @B_Neph) — Ko1(@F_coeffs @8 _coef) nephelometer, or using a polar nephelometer instead of an
integrating nephelometer in the first plaCeHowever, polar
nephelometers have related systematic errors depending on
S1(@E Neph @B_Neph) — So( @F_Neph @B Neph) their a_ngular resolution and truncatic_)n er_r6°rs.
T1(@F coetts @8_coet) — T2( XF_coeffs @B_coet) _ This should be the end of t_he calibration story. However,
it seems to be common practice to neglect calibration trun-
(8¢ cation errors and to user(0,0)=o(ar coe= 0,28 _coefr
If the nephelometer is correctly calibrated with correctly =0) instead ofo(ar coefis @5_coerd) in EQs.(8d) and(8e) to
truncated scattering coefficients ando, for its actual trun- ~ determineK andW, even ifag nepri O @andag_nepi# 0. This
cation angles, that iSag coe= @F neph @ND ap coer  Practice may be justified if a nephelometer has small trunca-
= ag_Nephs the  truncated scattering  coefficient tion angles and calibration media, without pronounced near
Tsampld @F_Neph @B_Nepn fOr @ sample can be obtained as  forward and near backward scattering peaks, e.g., gases are
used. In this case, neglecting the calibration truncation error

and

=S4( QF_Nephs aB_Nept‘) —oq( QF  Coeffs aB_Coeﬁ)

T Sampid @ Neph @5_Neph) = Ssamp"(aF—Neph’aB—Ne”)_W. may not decrease nephelometer accuracy significrifly.
- - K calibration truncation errors are neglectéoe., ag coer
(93 =ag_coef=0), the calibration procedure yields coefficients

If the phase function for the sample is known, the scatterind, and W, instead of the true values & and W where

Si( QF_Nephs aB_Neph) —Sy( QF_Nephs aB_Nepr)

ko= 10
0 o AF Coeff— OraB_Coeff: 0)—oy( AF Coeff— O!aB_Coeff: 0) (103
[
and SSamplé QF_Nephs aB_Neph) —Wp
O sample_0~ Ko
Wo=S1(F_nepr @8 _Nepn = 01(0,0[ 1+ Sraial ~ 72(0.0Sgaror (118

—Koo1(ar_coer= 0,28 _coe=0)- (10b)
where Sg,;i0 is defined as

Measuring the scattering coefficient of a sample with a
nephelometer calibrated using the calibration const#gts s _ Ssampié @F_Neph @B_Neph — S1(@F_Nephs ¥B_Neph)
and W, instead ofK and W yields a scattering coefficient ~Ra" S, (ap nepn @5 neph — Sa @F_ Neph @6_Neph)
Tsample_oOf the sample as (11b
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Using Eq. (7) to replace  ¢(0,0) by clouds, albeit generally not in spherical shdp&@he phase

(ar_Neph @B _Neph ! F(@F_Neph @8 _Nepn Yields function was calculated for scattering angtesanging from
0° to 180°. To resolve the sharp near-forward scattering lobe
1(QE_Neph @B_Neph) for large x, an angular resolution fof of 0.025° was used.
O sample_0~ F1(@F Neph @5_nepn) [ 1+ Sratiol Refractive indices representative for dry atmospheric aerosol

were chosen afygn.aps (1.50,0.0) for nonabsorbing aero-
sol, andm,,~=(1.50,0.5) for light absorbing aerosol. The
integrations in Eqs4) were solved numerically using a five-
point Newton—Cotes integration formula yielding the for-
If the sum of the fractional forward and backward truncationward and backward truncation errofg(a,x) andTg(a,X),
errors are identical for calibration media 1 and 2, e.g., usingvhich are shown in Figs.(&)—1(d) for m,gn.aps@nd M.

B oy F Nephs aB_Nepr)

SRatio- 119
FZ(aF_NephiaB_Nepl*) Ratio (119

two calibration gases, F1(@F_Neph @B_Neph One notes that for very small particles, forward and
=F2(ar neph @8 Nepn [ = Fcal @r_Neph @8_Neph |, and  backward truncation errors are identical and independent of
T sample_oCan be related torsympeas the refractive index used.e., Rayleigh regime They in-
crease gradually from-0 at small angles to 0.5 at 90°. For
_USampIéaFiNephva’BiNepQ larger nonabsorbing particles the truncation errors exhibit
7'sample_0~ Fcal @F_Neph @B Neph significant oscillations as a function of particle size—these
- B oscillations are strongly damped for absorbing particles. For
_ Fsampid @F_nephs @B_neph large (x=100) nonabsorbing particles, the forward trunca-
= O sample (119

tion error increases from 0 at 0° to about 0.5 at very small
angles(i.e., <2°), then slowly and gradually increases to
Equation(11d) confirms the common physical understandingnear 1 at 90°. For largext=100) absorbing particles, the
that if one calibrates a nephelometer with two ga$#snti-  forward truncation error increases from 0 at 0° to near 1 at
cal truncation errops without considering calibration trunca- very small angles, then remains near constant and increases
tion errors, the nephelometer is correctly calibrated to meaonly very slowly for larger angles. For large particles (
sure the un-truncated scattering coefficient of a gaseous 1) forward truncation error§g are much larger than back-
sample. In Eq(11d this corresponds t& c,=Fsampie '€~ ward truncation errorg, as evident from Figs. (&)—1(d)
sulting in osample = Tsample IN coONclusion, to understand and from theTg/Tg ratios shown in Figs. (&) and Xf).
nephelometer calibrations and to correctly interpretBecause truncation errors can largely be neglected for small
nephelometer measurements, one needs to be aware of thgrticles, the article focuses on the dominant forward trunca-
phase functions for the calibration media, the nephelometaion errors. In the following, the properties as described
truncation angles, and if the calibration procedure has acabove and shown in Fig. 1 are discussed in the context of
counted for the resulting calibration truncation errors. both the small particle and the large particle approximations.

Fcal AF Nephs aB_Neph)

IIl. MIE THEORY
] ] ] V. SMALL PARTICLE APPROXIMATION (RAYLEIGH
Light scattering and absorption by homogeneous spheriREGIME)

cal particles is described by Mie thedfyWith the ready

availability of powerful personal computers and Mie  For small particles X<1), the scattering can be de-
codes’??3numerical solutions to scattering problems involv- scribed by the Rayleigh approximation. The phase function
ing homogeneous spherical particles can be readily calcud this regime can be expressed as

lated. However, approximate solutions of scattering prob-
lems are still valuable to gain a physical understanding of the
scattering process and for generalization to nonspherical
particles?*?°

To evaluate the truncation errofg(«) andTg(a), first  This phase function can be integrated analytically and yields

the Mie phase functiopye( ) is evaluated for different size jgentical forward and backward Rayleigh truncation errors
parametersx and refractive indices with the Mie code Thray With

BHMIE.?® The phase function was calculated for one thou-

3
pRa)( 0)= E(1+CO§ 0). (12

sand (1000 values of the size parameta&r chosen to be Trayf(@)=T¢ r(@)=Tg r(a)
equidistant on a logarithmic scale, ranging from very small 2 - -
(x=0.1; e.g.,d=0.0175um at A\=0.55 um) to very large =41-%3cosa+cos a)]. (13

(x=1000; e.g.,d=175 um at \=0.55 um) particles. The

extreme sizes were chosen to show the convergence of ré&his functional dependence of Rayleigh truncation errors on
sults obtained from Mie theory with those obtained fromthe cutoff anglea is shown in Fig. 2. In this small particle
geometric optics plus diffraction for very large particles andRayleigh approximation, the truncation errors are indepen-
with those obtained from Rayleigh theory for very small par-dent of refractive index and particle size. Truncation errors in
ticles. Optically very small particles are commonly found in the Rayleigh regime are quite small for typical nephelometer
the nuclei modé&® and very large particles may be found in truncation anglepe.g.,Tray(7°)=0.56%]. In addition, these
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FIG. 1. (Color Truncation error from Mie theory as function of size parametand truncation angle: (a) forward direction, nonabsorbing particles)
forward direction, absorbing particle&) backward direction, nonabsorbing particlés) backward direction, absorbing particleés) ratio of forward and
backward directions, nonabsorbing particles; &ndatio of forward and backward directions, absorbing particles.

errors can be eliminated through the calibration procedure i¥. LARGE PARTICLE APPROXIMATION

the nephelometer has been calibrated with gases, which is

the most common calibration procedure. For a particle very large compared to the wavelength
Note that Eq.(12) [and consequently Eq13)] is exact (x>1), the total extinction cross sectidDg,, is twice the

only for spherical scatterers as appropriate for comparisogeometric cross sectiod (Cg,=2 G=0.5 7 d?). All en-

with Mie theory. An equation for the phase function of an- ergy incident on the geometric cross section of a particle is

isotropic molecules has been given by Chandrasekietie  scattered or absorbed, i.e., in any way removed from the

application of this equation to air has been discussed bproceeding wave. This gives an effective extinction cross-

Bucholtz?® For the nonspherical molecules making up thesection equal td3, the geometric area. In addition, diffrac-

majority of air, Eq.(4) is in error by typically less than 1.5%. tion forms an angular pattern that is identical to the
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FIG. 3. Forward scattering truncation errors for diffraction, transmission,
FIG. 2. Very small ¢=0.1; e.g.,d=0.0175um atA=0.55 um) particle  and reflection as individual processes for very large=1000; e.g.,d
truncation error from Mie and Rayleigh theories. =175 um ath =0.55um) particles. Note that the lines are in the same order
as shown in the legend.

diffraction through a hole of are@ by Babinet’s principle.

This gives diffraction(i.e., near-forward scatteringagain  with

with a cross sectiois. The total extinction cross section is

therefore the sum of the two, equal t&2n the large par-

ticle limit.®° The total scattering cross sectid®s.=®, where all phase functions are properly normalized to one

Cex=2woG depends on the single-scattering albedg [see Eq.(1b)]. Equations(14) represent an approximation

= Cgd/ Cey Of the particle. that neglects the interference between transmitted, reflected,
The phase function in the large particle approximationand diffracted Iight".1 Phase functions for scattering due to

pLp can be written as the sum of the transmission, reflectiontransmission, reflection, and diffraction from spheres with

and diffraction phase function§.e., pr, pr, Pp. respec- complex refractive index have been given in the form of a

tively), each weighted by the contribution of the respective‘gain” by Liou and Hanser’?> Note however, that their ex-

process to the total scattering cross section, as pressions fou andv [in their Eqg.(7)] contain a typographi-

cal error; the correct expressions are shown as part of Eq.

(2.10 in Hansen and Travi&

Csea™ CSca_T + CSca_R+ CSca_D ) (149

_ CSca_‘l' CSca_R CSca_D
PLp= C P R
Sca

Pp (148

CSca CSca

and consequently the forward truncation error in the IargeA

. . . . Scattering due to external reflection
particle approximatiol ¢ | » becomes

c c c The phase function for scattering due to external reflec-
~SeaT SRy TSP (qg4p  tion frc;m spheres with complex refractive index can be writ-
Csca ~ Csca — Csca - ten as

(153

; Csea 1[<[sirw/2)—uR]2+u§) ([(n2—kz)sin(o/z)—uR]2+[2nksin(a/2)—vR]2)]
R y

~ 20Cscar 87 [sin(0/2) —ugl?+v3) \[(n?—Kk>?)sin(6/2) + ugl?+[2nksin( 6/2) + vg]?

where Cg./(2wg) is the geometric cross sectid@h of the particle, the two fractions in round brackets contain ¢hand
p-polarized contributions, respectively, and andvg can be expressed as

\/(nz—kz—cosz( 012)) + \(n2—k2— co( 6/2))2+ (2nk)?
UR=

) \/—(nz—kZ—cosZ( 012)) + \(n2— K2— co2( 612) )2+ (2nk)2

UVR= (150)
2
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The scattering phase functigy, is independent of particle Csea 1 sinrcosd(1—|rq|®)2+(1—|r,|??|
Eize. For nonabsor_bing_ particl@se., k=0 and consequently PT= 200Coear p _ tans
wo=1), Egs.(15) simplify considerably and the phase func- - sing|1—
tion become tan(arcco$cos7/n))
o(k=0) = Csca i[ (sin(0/2)—\/n2—co§(0/2))2 xexp{ —4xksin arcco%cosq-) ] (183
2Cscar 87 | | sin(6/2)+ \n?—coS( 6/2)
where Cg./(2w) is the geometric cross sectidd of the
n2sin(/2) — n?—co(612) | * particle, 1—|r4|? and 1—|r,|? contain thes- andp-polarized
n2sin(9/2) + yn?—co2(612)) |’ (16 ;?Q;!th:;& respectively, anft;|?> and |r,|?> can be ex-

whereCg.4{2 is the geometric cross secti@hof the particle. _ ,. o
The resulting forward truncation error for external re- | |2_(Sln T—Uur) tug

flection is calculated from Eq4a and can be seen in Fig. 3 M1 (sint+ up)2+v2’ (18b)
for both nonabsorbingi.e., Mpon.ans (1.5,0.0)] and absorb-

ing [i.e., mype=(1.5,0.5)] particles. For all angles of interest ,((NP=k?)sinT—us)?+(2nksinT—v7)?

(i.e., «<90°), the forward truncation error for nonabsorbing  |12[“= (189

2 12\ ai 2 ; 2"
particles is slightly larger than that for absorbing particles. At ((n"=k5)sin7+ur) ™+ (2nksin+v7)

a typical truncation angle of 7°, the forward truncation errorwhere
due to reflectionTr g is only a few percent, that is
Te f(Moonavo@=77)=32%  and Tr p(Mea=7)  _ \/(n2_k2_00527')+ V(n2=k2=coé )2+ (2nk)2
=2.2%. Note that this truncation error would be directly ' 2 '
applicable only if reflection constituted the only scattering (18d
process. Therefore, El4b) must be used to calculate the
compounded truncation error from all scattering processes. _ \/‘(n2—k2—00§7)+ V(n?—Kk?—cog 7)2+(2nk)?
= .

2

(189

The scattering phase functigy is independent of particle

For particles with a small product of imaginary pkrdf  size only for nonabsorbing particlése., k=0 and conse-
the refractive index and size parametei(i.e., smallkx), quentlywg=1). In this case, Eqq18) simplifies consider-
some of the light incident on the particle is refracted twiceably and the phase function becorifes

B. Scattering due to transmission with refraction

and transmitted, contributing to the scattering. In addition, 2
some of the transmitted light undergoes internal reflection (k=0)= Csca E( n )
For the refractive indices considered here, the contribution o 2Cscat ™\ n%2-1
internally reflected light to the total scattering cross section is 3 3
on the order of a few percent or less. At certain scattering ><(n cog 6/2) —1)°(n—cog 6/2))
angles, internally reflected light can make a significant con- cog 0/2)(n?+1—2n cog 0/2))?
tribution leading to rainbows. However, scattering angles
X (1+seé(6/2)), (19

for primary and secondary rainbows are larger than 90° for

refractive indices ofm>1.116 (primary rainbow and m  where in the final bracket the term “1” corresponds to the
<1.518(secondary rainboywand therefore do not contribute s-polarized and the term “sé¢4/2)” to the p-polarized com-
to forward truncation errors fom,q,.ap5=(1.5,0.0). There- ponent.
fore, transmitted light that has undergone internal reflections  The resulting forward truncation error for transmission is
can be neglected here. calculated from Eq(4a and can be seen in Fig. 3 for large
Phase functions for transmitted ligiiincluding those nonabsorbingi.e., M. (1.5,0.0)] particles. No light is
corresponding to single or multiple internal reflectipean  transmitted at angleg¢> 2 arccos(1f) [see Eq(17)] and the
be found in Liou and Hanseli.However, we are not aware truncation error for transmission is constant above this angle.
of an analytical form for any of these phase functions as @or strongly absorbindi.e., kx>2) particles, virtually no
function of the scattering anglé. Instead, the angle be- light is transmitted due to the exponential factor in Eq.
tween incident beam and sphere surface is used most of thi@8g—in this case the extinction is due to diffraction, reflec-
time. For light transmitted with refraction but without inter- tion, and absorption. Therefore, the contribution of transmis-
nal reflection, the scattering anglecan be written as a func-  sion phase functions to truncation errors is negligible for
tion of 7 as strongly absorbing particles. For nonabsorbing partigles,
Mpon-abs= (1.5,0.0)], the truncation error due to transmission
(17) is smaller than that due to reflection far<3.1°, while at
larger angles of interegte., 3.1°<a<90°) it is larger. At a
with 0= 6#=<2 arc cos(Id) for w/2=7=0. The phase func- typical truncation angle of 7°, the forward truncation error
tion p+ for light transmitted with refraction but without in- due to transmissionTg r is only a few percent, i.e.,
ternal reflection can be written ¥s TF_T(mnon_ab9a=7°):3f6%. Note that this truncation error

0=2

1
arcco% ﬁ COST) -7
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would be directly applicable only if transmission constitutedVI. COMPARISONS WITH MIE THEORY
the only scattering process. Therefore, Etb) must be A. Small particle approximation as function of
used to calculate the compounded truncation error from alfy;ncation angle

scattering processes. o ] .
For the refractive indices used for our Mie calculations,

Rayleigh truncation error§Eq. (5)] agree very well with
) ) _ those from Mie calculation fox=0.1 as shown in Fig. 2.
C. Scattering due to diffraction Mie results converge towards the Rayleigh equafian, Eq.
The near-forward scattering by large spherical particle$5)] for x— 0, explaining the identical forward and backward
(x>1) can be described in the far field by Kirchhoff diffrac- truncation errors independent of refractive index as seen in
tion theory for a circular aperture independent of the particIeFig- 1.
refractive index.(Obviously, this is not true if the particles
refractive index equals that of the surrounding medium, i.e.g_ Large particle approximation as function of
in this case there is no “optical particlg."The diffraction  truncation angle
scattering cross sectio@g.,p equals the geometric cross
section and the diffraction phase functipg can be written
for largex as®

For very large x=1000; e.g.d=175 um at A\=0.55
pm) particles, the forward truncation error calculated due to
the sum of diffraction, reflection, and transmission shows
1+c0s6)\2( Iy (xsin6)\2 excellent agreement with Mie theof¥rigs. 4a) and 4b)].

5 ) ( ) , (20 For small truncation angles, the truncation errors are nearly
exclusively caused by diffraction. Even at a typical forward

where most of the scattered power is contained in the nedfuncation angle Pf 7 96:3%)9_'5% of the Mie truncation
forward direction. The forward truncation error for light scat- €TOT ¢an be ascribed to diffraction for nonabsorbialgsorb-

1
pD(G):;

sing

tered through diffractioMe p [Eq. (48] becomes ing) aerosoll. The diffraction truncation error starts saturating

- at a truncation angle about 0.2°, as the diffraction cross sec-
Pe p(a) tion approaches the geometric cross sec@nvhich corre-
Tep(a)=—F5—— sponds to a fractional truncation error of 0.5 for nonabsorb-
D_am ing aerosol[Fig. 4@]. From about 0.2° to nearly 10°, the

a . truncation error changes little. Above 10°, the contribution of
=27-rfo dépp(6)sin(6) transmission and to a lesser degree reflection becomes sig-

nificant, with the total scattering cross section approaching

a 1+cosh\?[Jy(xsing)]? 2G, thereby increasing the truncation error to 0.96 at 90°.
=2L do 2 sing ' (213 For very large absorbing aerosols, the transmission has been

eliminated and a large majority of the scattered light is due to
This integral can be solved analytically through substitutiondiffraction with the small remainder being due to reflection.
(i.e., for x sin6), use of common Bessel function identifies, This results in muchnearly a factor of 2 larger forward
use of the product rule, and of the small angle approximatioriruncation errors at small angles as diffraction dominates the

(i.e., cosf~1— & and sed~1+ 6?), yielding** scattering process in all of Fig(ld). This explains the dif-
ference in truncation errors for nonabsorbing and absorbing
] P: b aerosols noticed in Mie calculatioris.g., Fig. 2 and previ-
Te_p(xsina)= Po 4. ously noticed by Roseat al.

For smaller particles, diffraction truncation shifts to
=1-[J5(xsina)+Ji(xsine)]. (21D  Jarger angles since the diffraction truncation error is a func-
tion of the product of particle size and the sine of the trun-
The forward truncation error for light scattered through dif- 5tjon angldi.e., x sina; see Eq(21b)], while transmission
fractionTg_p depends only on the product of size parameterfor nonabsorbing and strongly absorbing particiasd re-
and sine of the truncation angle, that les{na). This trun-  fiection truncation errors are independent of particle size. For
cation errorTg  is shown in Fig. 3 for very largéi.e., x large (x=100; e.g.,d=17.5 um atA=0.55 um) particles,
=1000; e.g.d=175um at\ =0.55um) particles. At small  5greement with Mie calculations remains very gd&iys.
angles it is much larger than the truncation errors due tQKC) and 4d)], while for relatively small k=10; e.g.,d
either reflection or transmission, witfie p(x=1000, « =1 75,m at\ =0.55um) particles this agreement begins to
=7°)=99.5%. Consequently, for very large particles only yeterioratdFigs. 4e) and 4f)]. However, even for relatively
very little of the diffracted light is measured by a nephelom-gmga)| particledi.e., x=10) diffraction theory does a reason-

eter with a typical forward truncation angle of 7°. Note that gpje job in describing small angle truncation errors.
this truncation error would be directly applicable only if dif-

fraction constituted the only scattered process. This is ap-
proximately the case for large particles and small truncatio
angles. Otherwise, Eq14b) must be used to calculate the
compounded truncation error from multiple scattering pro-  The previous section implied that diffraction theory
cesses. [Egs. (21b and Eqg.(14b] might be all that is needed to

. Large particle approximation at small angles as
unction of particle size
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FIG. 4. Forward scattering truncation errors from Mie theory and from diffraction, transmission, and refle@gtiery large &= 1000; e.g.d=175 um at
\=0.55 um) nonabsorbing particlegb) very large k=1000; e.g.d=175 um at\ =0.55 um) absorbing particleqc) large x=100; e.g.d=17.5um at
A =0.55um) nonabsorbing particlesd) large x=100; e.g.d=17.5um atA =0.55 um) absorbing particlesg) relatively small k= 10; e.g.,d=1.75um
at A =0.55 um) nonabsorbing particles; ar(f) relatively small k= 10; e.g.,d=1.75um at\ =0.55 um) absorbing particles.

describe forward truncation errors at relative small truncatiorrapid oscillations that Mie theory yields for nonabsorbing
angles as common in modern integrating nephelometergarticles. However, these oscillations average out for com-
This implication is investigated further in the following. Fig- mon particle size distributions anyway. For large particles, as
ures %a) and 3b) show a comparison between Mie theory the truncation angle increases the contributions of reflection
for truncation angles of 1°, 3°, 7°, and diffraction thepBg.  and transmissiorffor nonabsorbing particle¢sbecome sig-
(21b)] both for nonabsorbingFig. 5a)] and absorbingFig. nificant and diffraction theory predicts a smaller truncation
5(b)] particles. Both Mie and diffraction results are plotted aserror than Mie theory. This can be seen in Fig. 5 for
function of the product of size parameteand sine of trun- =7°, where at largex sine, the Mie theory prediction is
cation angldi.e., x sina) with thex sina scale ranging from  barely larger for absorbing particles where only reflection
0.1 to 100. The corresponding size parameter scales rangelds to the diffraction truncation errfffig. 5b)], but some-
from 5.730 to 5730 ¢=1°), 1.911 to 1911 ¢=3°), and what larger for nonabsorbing particles where both reflection
0.8206 to 820.64¢=7°). Forthese small angles, appropriate and transmission are addg€ig. 5a)]. For very small par-
for modern nephelometers, diffraction theory is suitable taticles, diffraction theory is not appropriate to describe trun-
estimate relevant truncation errors. It does not reproduce theation errors. However, in this Rayleigh regime, truncation
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0.6 m=(1.5,0.0) At a given truncation angle, truncation errors depend
— Diffracti both on the particle’s size and complex refractive index. For
iffraction Theory . X X
0.5+ —Mie Theory for 12 large particles most of the light scattered into the near for-
—Mie Theory for 3¢ ward direction is due to diffraction and dominates truncation
0.4+ —Mie Theory for 72

errors. For typical truncation angles of about 7°, it has been
shown that for relatively large particlése., diameter larger
than three time the wavelengtltruncation errors are well
described by diffraction theory alone.

For relatively large absorbing particles, it has been
shown that forward truncation errors are nearly a factor 2
larger than for nonabsorbing particles due to the suppression
of transmitted light, resulting in a larger contribution of

Forward Truncation Error
(-] o
N w

o
-

0.1 1 10 100

x sin(a) forward-peaked diffraction to the scattering phase function.
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