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Optical glory of small freely rising gas bubbles in water:
observed and computed cross-polarized backscattering

patterns
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Light scattered from spherical bubbles in water manifests an enhancement in the backward direction analogous to
the well-known optical glory of a drop. Unlike the glory for water drops, in which the rays travel partially on the
drop's surface, the glory for bubbles is due to rays that are refracted and multiply reflected within the scatterer and
is an example of a transmitted wave glory. Photographs of glory scattering for freely rising air bubbles in water are
displayed for bubbles having diameters of less than 300 ym. A physical-optics model for backscattering is
developed for spherical bubbles. Computed glory patterns from both Mie-series calculations and the physical-
optics model agree with the observed patterns. The patterns of freely rising air bubbles having a diameter of S300
,am are essentially those predicted for a spherical scatterer. The interference of different classes of glory rays is
more clearly seen for bubbles in water than for the previously studied case of bubbles in oil.

1. INTRODUCTION
An enhancement of the backscattering of light from drops of
water in air, commonly known as the optical glory, may be
attributed to backward-directed rays having nonzero impact
parameters relative to the drop's center.1-3 Such rays may
be referred to as glory rays, and for the case of a water drop, a
portion of the ray path circumnavigates the drop's surface.
A sphere of refractive index less than the surrounding medi-
um also manifests an optical glory; however, the scattering
mechanism in this case is transmitted (rather than surface-
traveling) glory rays.4-7 Photographic studies of the trans-
mitted-wave glory have been limited to rather large air bub-
bles in a high-viscosity oil, with ka = 6830 for example. 4

Here k = 27r/X, where X is the light wavelength in the sur-
rounding liquid medium and a is the bubble radius. In the
oil used for those observations, bubbles rose slowly so that
the distribution of hydrodynamic stress on the bubble was
uniform and did not cause its shape to deviate from spheric-
ity. Consequently, for polarized incident light the backscat-
tering patterns4 have a symmetry predicted for spheres. In
particular, cross-polarized backscattering patterns have
fourfold symmetry. 4 7

In this paper we are concerned with the transmitted-wave
glory of freely rising air bubbles in water. At the outset, we
did not know whether the glory scattering patterns for freely
rising air bubbles in water would manifest the symmetry of a
spherical scatterer. This was questionable since observa-
tions on single scatterers should give bright patterns when
the radius a is sufficiently large that axial focusing is signifi-
cant. [For such focused scattering, the scattering amplitude
that is due to each glory ray is roughly4-7 (ka)'12. See the
discussion below Eq. (21).] A larger bubble rises more rap-
idly, resulting in less-symmetric hydrodynamic stresses. As
a result, sufficiently large bubbles take on an oblate shape as
they rise.8 9 If there is sufficiently large distortion, it is to be
expected that the fourfold symmetric cross-polarized back-

scattering patterns will be obviated. Consequently, the ob-
servations reported here of scattering patterns having both
the symmetry and the structure predicted for cross-polar-
ized scattering from freely rising spherical bubbles in water
were not a foregone conclusion at the onset of the experi-
ment. We have found that distortion of the bubble shape
from sphericity by more than -X/2 leads to observable ef-
fects in the backscattering patterns, especially when the
vertically rising bubble is illuminated by a horizontally
propagating light beam. Another noteworthy aspect of this
experiment is that in comparison with the previous observa-
tions of the backscattering from bubbles in oil, the patterns
for spherical bubbles in water clearly show major effects of
interference among glory rays having different numbers of
internal reflections.

In Section 2 we describe a physical-optics model for back-
scattering from bubbles in water and certain results of Mie
theory. In Section 3 we describe the experimental method.
In Section 4 we give comparisons of the model and Mie-
based computer-generated patterns with the experimental
results. In Appendix A we give approximations for the
amplitude and the phase of axial rays in conjunction with
the physical-optics model. In Appendix B we describe a
method for obtaining the bubble radius from backscattering
data. For bubbles somewhat larger than those discussed in
this paper (i.e., those having a diameter of >30O ,um), the
effects of oblateness are seen clearly in the scattering pat-
tern. Those results will be described in a subsequent paper.
The physical-optics model described here has been adapted
to the case of slightly oblate bubbles through the use of a
perturbation expansions The model presented here for
spheres is based in part on the model outlined in Ref. 4 and
on the adaption of the scalar theory for the acoustical glory"l
to the present case of electromagnetic waves. (A brief sum-
mary of this adaption appeared in Ref. 7.) The presentation
given here in Section 2 facilitates the description of a modi-
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fied model for oblate bubbles to be given in the subsequent
paper as well as the analysis of the present data.

2. PHYSICAL-OPTICS MODEL AND MIE-
SERIES COMPUTATIONS

A. Physical-Optics Model

1. Paraxial Approximation for the Backscattered
Irradiance
The physical-optics model4' 7 for backscattering of light by a
bubble leads to a direct understanding of the observed angu-
lar-scattering patterns. This type of model4' 8 can be impor-
tant for understanding ray and wave properties of light that
are responsible for scattering in circumstances in which ele-
mentary geometrical optics gives rise to unphysical diver-
gences. Modeling procedures involve calculating field am-
pitudes in the exit plane shown in Figs. 1 and 2 by means of
the ray optics. Propagation of the wave to the far-zone
observation plane (Fig. 2) is performed by using Rayleigh-
Sommerfeld scalar diffraction theory12 in the Fraunhofer

L I~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

EXIT PLANE
Fig. 1. Backward-directed rays for a bubble in water with m =
0.7496. The numbers on the right-hand side refer to the number of
chords in the bubble.

Y. Y
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Fig. 2. Coordinate system
exit and observation planes.

z
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for the calculation of the fields in the

z

Fig. 3. General wave-front shape in the exit plane for each class of
glory ray. For clarity, the quadratic approximation given by Eq. (4)
has been extended beyond its useful domain.

approximation. Calculation of amplitudes in the exit plane
is done by the method of van de Hulst,l whereby fields are
decomposed into components perpendicular and parallel to
the scattering plane. The incident wave is taken to be a
linearly polarized plane wave of wavelength X traveling along
the z axis (Fig. 2). The medium surrounding the bubble is
taken to be homogeneous and lossless. We assume that the
bubble radius a is much larger than the wavelength so that
ray optics is a useful approximation for calculating the fields
near the bubble. For water, the relative refractive index is
m = 0.7496 for the conditions of the experiment discussed in
Section 3.

Figure 1 shows two classes of rays that contribute to the
backscattering. Axial rays reflect after p = 0, 2, 4, .. .pas-
sages through the bubble along the z axis. Glory rays, with
p = 3, 4, 5, ... chords inside the bubble, have a nonzero
impact parameter and leave the bubble antiparallel to the
incident direction that defines the z axis. As shown for the
three-chord glory ray, the outgoing curved wavelet d'e' has a
virtual focal point at F3 as seen by backward projection of
the wave-front normal for points on the wave front near F'.
The location of the four-chord glory-ray virtual focal point is
labeled F4. In the exit plane, the radius of curvature of this
outgoing wave front will be denoted by ap. The impact
parameter of the glory ray and the radius of the focal circle
(from where the outgoing wave appears to emanate) have a
common value denoted by bp. The resulting outgoing wave
front is illustrated by Fig. 3. It has a toroidal shape, since
Fig. 1 can be rotated about the CC' axis, which is also why
rays appear to diverge from a focal circle. Reference 5 gives
the conditions on the refractive index for the existence of
three- and four-chord transmitted-wave glory rays of the
class considered here. Another class of glory rays exists
with p > 4, which cross the z axis inside the bubble more
than once (multiple-orbit glory rays), but they contribute
insignificantly to the backscattering5' 7 and will not be con-
sidered here.

Figure 1 shows the angles of incidence and refraction 0 and
P for rays entering the bubble. They are related by Snell's
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Table 1. Focal Circle Parameters for m = 0.7496

p 0, (deg) bp/a ar/a qp

3 28.47 0.477 1.124 9.1
4 37.55 0.609 1.063 16.8
8 45.86 0.718 1.014 72.1

16 47.88 0.742 1.003 295.3
co 48.56 m 1.000 X

law, sin 0 = m sin v. We define Op with p = 3, 4, 5, ... as the
incidence angle for a glory ray. For p = 3 and 4, an explicit
equation for Op is known,"1 but OP is determined numerically
from transcendental equations for p > 4. The spreading of
the initial wavelet de is given by q = lim d'e'/de as de - 0,
where d'e' is the arc length along the outgoing wavelet near
the exit plane; q is a necessary geometrical factor for the
energy-flux-conversation argument used below in comput-
ing the local amplitude of the outgoing wave.

The above-mentioned focal parameters for each glory ray
with p chords inside the bubble are given by 4 "11

bp =a sin Op, (1)

(1 cos 0p (2)apa 1+ 2(pr | ())

ap-

where a is the bubble radius and Trp = tan vp/tan Op. Table 1
lists the focal circle parameters of Eqs. (1)-(3) for m = 0.7496
and several sets of glory rays. The last row of Table 1
corresponds to a ray incident at the critical angle of inci-
dence for total reflection, sin O = m.

Figure 2 shows the coordinate system for the calculation of
the fields in the exit and observation planes. Points on the
exit plane are addressed by the polar coordinates (s, 4) or by
Cartesian coordinates (x', y'). The x' axis is defined by the
polarization direction of the incident plane wave's electric
field. Observation points are defined by the azimuthal an-
gle ep, the backscattering angle -y, and the distance r from the
axial point (point C') of the exit plane, or by the Cartesian
coordinates (x, y, z). We are interested in the irradiance for
y < 5 deg. Van de Hulst's method' and geometrical optics
give the following approximation for the field in the exit
plane that is due to the pth glory ray4 :

E, g(s 0) = i/2 Fn(14)exp iij + s 'I
n q1/ [ 2a J n = 1,2,

(4)

where the time dependence exp(-icot) has been suppressed
and k is the wave number in the liquid. Field components n
= 1 and n = 2 refer to the x' and y'components, respective-
ly.13 The field component with n = 1 is called the copolar-
ized component, and the one with n = 2 is called the cross-
polarized one because the incident wave was polarized paral-
lel to the x' axis. The cumbersome p subscription for
relevant quantities is suppressed in Eq. (4) and henceforth
in most expressions except where needed for clarity. In Eq.
(4), Fn (4) accounts for the partial reflections and transmis-

sions at interfaces along the glory-ray path and for the pro-
jection of the field components (originally expressed by us-
ing basis vectors parallel and perpendicular to the scattering

plane for j = 1 and j = 2, respectively) onto the x' and y'
directions. It is given by

F, (4) = C1 sin2 4 + C2 cos2 A,

F2 () = (C2- CO) 2 

(5)

(6)

where the Cj depend on the flat-surface Fresnel reflection
coefficients ry for the glory ray:

Cj = (-1)P(1-D ri (p-1)( - rj2), j = 1, 2,

- sin(6p - vd)
sin(Op + vP)

= tan(p -vp)
r2 tan(0 + vp)

(7)

(8a)

(8b)

The phase factor in Eq. (4) is a quadratic approximation for
the toroidal wave front, which is useful for s near b. The
variable i accounts for the propagation phase delay of the
glory ray from when the incoming ray first crosses the exit
plane to when the outgoing ray reaches the exit plane; 11 also
accounts for the 7r/2 phase advance" 1"" 4 associated with the
crossing of each of the focal curves L, and L2 (rotation of Fig.
1 about the CC' axis shows that L, is a focal curve) in Fig. 1.
There are p foci for each glory ray of the class considered
here so that the total phase shift is ,i = -pwr/2. The expres-
sion for i7 is"

= ,u + 2ka(1-cos Op + pm cos vp). (9)

Consider propagation of the field given by Eq. (4) to a dis-
tant observer for which r >> ka2 in Fig. 2. Attention is
limited to small values of the backscattering angle y. This
paraxial assumption is implicit in the derivation of Eq. (4),
since otherwise it would generally be necessary to permit the
coefficients to depend on s and to use a better approximation
for the s dependence of the phase. This paraxial assump-
tion also justifies the following scalar treatment in which the
n = 1 and n = 2 field components remain distinct during
propagation to the observer.

The Fraunhofer approximation of the diffraction integral
involving the field in the exit plane gives the following ex-
pression for the field in the observation plane where now n =

1, 2 refers to the (x, y) directions:

E g( ) = kEi exp(ikr + in) Dn(Y P),

with

Dn= JJ IFn(,)exp[ik(s-b) 2/2a]}

X exp[-ik(xx' + yy')/r]dx'dy',

which may be expressed as4"12

2=d
Dn('Yl 0o L F"(4,Q(,Y, p; V/dd,

(10)

(11)

(12)

Q(, 4o; 0 =JI s exp i(S b)- exp[-iu cos(4 - ,o)]ds, (13)

where u = ks sin y. The extension of the integrations over
infinite intervals is an acceptable approximation, since, in
the final analysis, the regions of s that contribute to Q are
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those near where the phase is stationary and those regions
are close to s = b when y is small. The approach for calculat-
ing Q is adapted from the analysis of the acoustical glory
given in Ref. 11. Notice that Eq. (11) gives the two-dimen-
sional Fourier transform F of the quantity inside the braces
and, furthermore, that the transformed quantity is propor-
tional to the field amplitude at (s, 4) in the exit plane.
Hence D, is proportional to the two-dimensional angular
spectrum of the amplitude.1""12 Now, suppose that the wave
in the exit plane is backward propagated (through water) a
distance a, to the plane of the virtual focal circle. Let Fp
denote the angular spectrum of the corresponding field
quantity in that plane. It is well known (see, e.g., Sec. 3.7 of
Ref. 12) that the angular spectrum evolves owing to propaga-
tion according to

F = exp (ikap cos y)Fp. (14)

Now the following observation may be used to approximate
Fp up to the value of a normalization constant Bp to be
determined subsequently. In the plane of the virtual focal
circle, the radial dependence of the amplitude of an idealized
virtual source is Bp Os - bp), where 6 is the Dirac function.
In the shifted plane, Eq. (13) becomes

Qp(-r, (p; 4) = Bpb exp[-iUp cos(,o - ,], (15)

where up = kbp sin -y. Inspection of Eqs. (13) and (14) shows
that Q and Qp are related by Q = Qp exp(ikapcos Py). The
procedure here will be to use this relation in the special case
of -y = 0 [where Eq. (13) is trivial to approximate] to elimi-
nate BP. For -y = 0, the phase of the integrand of Eq. (13) is
stationary at s = b, and the stationary phase approximation
of Q becomes

Q(, so; 4) -(2kaI)Iexp(i7r/4), ka >> 1, kb >> 1.

(16)

Evaluation of Eq. (15) at Ey = 0 and use of Eq. (14) facilitates
the elimination of Bp and gives

b(2,rIa 1/2Q(7, p b( °) exp(i~r/4)

X exp[-ika(1 - cos -y)]exp[-iup cos(4 -s)]-

(17)

Equation (12) then becomes

D,,(-y so) = bt /2

X exp(ir/4)exp[-ika(1 - cos y)] Vn(-y, so), (18)

where Vn (-y, so) is the result of the 4 integration,

V,,(y, so) = 7r[c, - c2 J2(up)G,(so) + 61,J[C1 + C21Jb(Up)1,
(19)

with G(sp) cos 2so, G2(0o) = sin 2So; Jo and J2 are cylindrical
Bessel functions of the first kind, and 31,, is the Kronecker
delta. An important property of Eq. (18) is the y-dependent
phase factor exp[-ika(1 - cos y)], which approaches 1 as y
- 0. (This result was not presented in Refs. 4 and 5, since
the expressions there were limited to the irradiance caused
by a single glory wave. This factor may also be derived by

adapting the direct treatment of the integration over s, given
in App. B of Ref. 11, to the present problem.)

The scattered field in the observation plane is a sum of the
contributions from glory rays given by Eqs. (10), (18), and
(19) summed with any contribution Enp that is due to axial
reflections:

Ens = E Enpg + "1,n E np 
p

(20)
p

where the first sum is for p = 3, 4, 5, . . . and the axial-ray
sum has p = 0, 2, 4, .... In the paraxial assumption, the
Enpa for n = 2 are generally small in amplitude in compari-
son with the Enspg and will thus be neglected. Approxima-
tions for Eipa with p = 0 and p = 2 are discussed in Appendix
A. It is convenient to express the scattered irradiance for
the nth polarization as

4r 2 En s 2 (21)

where in the far zone we can henceforth assume that r is
measured from the center of the sphere. The normalization
factor is IR = IEiI2a2/4r2 and has the physical interpretation
of being the isotropic irradiance reflected from a mirrorlike
sphere of the same size. It is also a convenient normaliza-
tion factor for the Mie-theory results to be presented in
Subsection 2.B. From Eq. (19), the cross-polarized irradi-
ance has a distinctive sin2(2so) azimuthal dependence, which
is a fourfold symmetry. In contrast, the copolarized irradi-
ance has this symmetry only at the azimuthal angles so = J45
deg and sp = +135 deg. The fields of Eq. (10) scale asE,,gcc
(ka)"12a/r, since b and a are proportional to a. The bubble
generally depolarizes the incoming polarized plane wave,
though in the exact backward direction y = 0 and up = 0 so
that Vn, D,,, and Enxpg vanish for n = 2.

2. Geometrical Properties of the Wave Front near the
Exit Plane of the Bubble
The quadratic approximation for the wave-front shape given
by Eq. (4) is shown in Fig. 3. The total phase term in Eq.
(11) is ko(x, y; x', y') = X + kW(x', y') - k(x'x + y'y)/z, where
W(x', y') = (s - b)2/2ac. W specifies the shape of the outgo-
ing wave front in the paraxial approximation. A two-di-
mensional stationary phase condition, ao/Ox' = 0 = aolay',
defines points on the initial wave front W that locate rays
that are orthogonal to W and have a direction specified by x/
z and y/z. For the given directions x/z and y/z, there are in
general two points (x', y') on the wave front shown in Fig. 3
that satisfy the stationary phase condition for each glory-ray
class. They give rise to rays labeled 1 and 2 in Fig. 3. An
infinite number of rays (such as the ray labeled - and adja-
cent rays on the circular maximum) are exactly backward
directed (x/z = 0, y/z = 0).

A geometrical-optics approximation for the field in the
observation plane would follow from the use of a two-dimen-
sional stationary phase approximation for Eq. (11). In this
approximation the field amplitude is15 - IK(x', y') 1-1/2, where
K = [Wx.x, WYTY - (Wx'y,) 2] is the Gaussian curvature of Win
the paraxial approximation (WX,2 << 1 and Wy,2

<< 1). The
subscript x'x' refers to second partial differentiation of W
with respect to the variable x', etc. On the wave front in Fig.
3 for points near s = b, K is approximately the product of a-'
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given by Eq. (2) and the curvature in the azimuthal direc-

tion. Along the ring maximum in Fig. 3, the azimuthal
curvature is zero, and hence K - 0; thus geometrical optics

predicts an infinite amplitude for the field in the backward
direction. This result is presented in the purely geometrical
approach of Ref. 16. The condition K = 0, along with the

stationary phase condition, gives the location of the far-zone
or directional caustic15 as the direction corresponding to the
backward axis.

The far-zone condition r >> ka2 used in construction of

Eqs. (10) and (11) may be relaxed by the use of a Fresnel
approximations for the propagation-related phase shifts.
This procedure has been carried out in detail for an analo-

gous acoustical scattering problem,17 and it is evident that
the directional caustic extends in along the backscattering
axis through the region where the Fresnel approximations is

applicable. Hence caustics associated with glory scattering
are sometimes known as axial caustics. 1 8 The cause of the

axial focusing can be understood by rotating Fig. 1 about the
CC' axis and following azimuthally adjacent rays that have

the same angle of incidence 0 < Op and infinitesimally differ-

ent azimuthal angles 4. Projections of the ray F3d' and
azimuthally adjacent rays merge on the z axis at a single
distant point after leaving the bubble. This merging of
azimuthally adjacent rays gives rise to the geometrically
predicted1 6 divergence of the irradiance on the axis.19

In cases in which a single class of glory rays (p = 3)

dominates backscattering, Eq. (19) can be used to obtain a

quantitative prediction of finely spaced fringes for n = 2

cross-polarized observations. An asymptotic expansion of
the Bessel function occurring in the field amplitude of Eq.
(19), when both the argument u3 = kb3 siny >> 1 and sin -y

y, gives

J2(u3) - (-) cosu3 - 73 ) 
\ rU3 4

cos(7u -= 5)r exp(iu3 - i + exp(-iu3)
COS U3 - 5) = exp( 4 ) 2

(22)

where in the first term of the cosine expansion we have
written exp(-ilO7r/4) as exp(-ibr/2). For the condition u3

>> 1 to hold for bubble radii of ;100 Am, the condition on y is
y > 0.5 deg. Assuming that only the p = 3 glory ray contrib-
uted to the scattering, Eq. (22) predicts irradiance minima
spaced by

kb3,y = r. (23)

Since b3 is related to the bubble radius by Eq. (1) (see Table
1), this is a potential technique for inferring bubble radii
from scattering data in cases (such as bubbles in oil

4
) in

which a single glory ray dominates the backscattering. As is
noted below, however, the p = 3 glory ray does not dominate
the backscattering from bubbles in water. The origin of the
condition, Eq. (23), is the interference of rays that project in
the same direction, such as those labeled by 1 and 2 in Fig. 3;
these rays are separated by a distance 2b3 on the outgoing
wave front. Ray 1 is represented by the first term in the

expansion of the cosine in Eq. (22). The net phase differ-

ence of -7r/2 between rays 1 and 2 in Eq. (22) is evidently due
to ray 1's crossing an external focus of the type L2 in Fig. 1,
which is outside the bubble at a distant point on the z axis.

B. Mie-Theory Computations and Comparison with
Physical Optics
The Mie series' gives the exact scattering by a sphere illumi-
nated with a plane wave, surrounded by a homogeneous
isotropic medium. The copolarized and cross-polarized am-
plitudes are linear combinations20 of the usual scattering
amplitudes Sj, where j = 1 and j = 2 refer to electric field
polarizations perpendicular and parallel to the scattering
plane, respectively. For y <5 deg, the exact results20 for the
case of an idealized analyzing polarizer (see Section 3) are
well approximated by

=R (ka)2

LS = sin 2R.F'
12= 'R (ha)'

(24a)

(24b)

where S' = S1 I S2, so is the azimuthal angle in Fig. 2, and r is
the distance to the observation point from the center of the

3.0 .05
(a) 

8~~~~~

1.5 0.5

backscattering angle -y (deg)

0.5 1.0
backscattering angle y (deg)

Fig. 4. Physical-optics and Mie-theory comparisons of the copolar-
ized and cross-polarized backscattering patterns for (a) ha = 100
and (b) ha = 1000. The solid lines (physical optics) and short-
dashed lines (Mie series) represent computations for the copolar-
ized component. The long-dashed lines (physical optics) and the
dashed-dotted line (Mie series) represent computations for the
cross-polarized component. The scale on the left-hand side is for
the copolarized component. These calculations correspond to cases
in which the azimuthal angle so has the value ±45 or ±135 deg. For
other values of sp, the cross-polarized irradiance for both the Mie-
theory model and the physical-optics model may be inferred, since
each is proportional to sin2 (2yp).
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0.05

0.00 A 
0 1 2 3 4

backscattering angle -y (deg)
Fig. 5. Comparison of Mie-theory and model results of cross-polar-
ized irradiance for a spherical bubble in water with ha = 1988
relevant to Fig. 8(b). The angular scale is typical of the observa-
tions in Figs. 7 and 8 below.

sphere. In Eqs. (24), I, is the copolarized irradiance, and I2
is the cross-polarized irradiance. Note the correspondence
of the azimuthal factors in Eq. (19) and Eqs. (24).

Figures 4 and 5 show agreement of the normalized irradi-
ance computed for Mie and model results [Eqs. (24) and
(21), respectively]. In the physical-optics model for this and
subsequent calculations, the field contributions forp = 3-16
glory rays were summed. The error from omitting terms
having p > 16 was judged to be negligible on the scale of
these figures. Convergence of the glory-ray series as p - -
is ensured by the factor qp (see Table 1) and by an alternat-
ing phase term !L in Eq. (9). The rate of numerical conver-
gence of the series was similar to that of the acoustic case
discussed in Ref. 11. The Mie-series computations were
performed by using Wiscombe's MIEVO algorithm."

Some discussion of Fig. 4 is appropriate, although the
figure displays results for ha values smaller than those that
could be studied in the present experiment. (ka = 1000
corresponds to a radius a = 61 ym; ha = 100 corresponds to a
= 6.1 gtm for the wavelength used in the experiments.)
These figures were included to compare the approximation
with Mie-theory results for moderately large values of ka.
In the model for the copolarized scattering, the contribu-
tions from only two axial rays were included (p = 0 and p = 2;
see Appendix A), whereas none were considered in the cross-
polarized model. For a ha value of 100, the copolarized
amplitude is not entirely dominated by glory contributions
because the (ka)1/2 factor is small relative to the examples in
which ha > 1000. Hence contributions from omitted axial
rays having p > 2 are relatively important when ha = 100,
and these omissions are likely to be the primary cause of the
deviation from Mie-theory results for the copolarized case.
(Similar deviations are evident in the analogous model of the
acoustical glory for fluid spheres" for what appears to be the
same reason.) For sufficiently small values of ha it is to be
anticipated that circumferential rays (surface guided waves)
will contribute to the backscattering from bubbles; however,
even for ka as small as 100 it is not clear whether such
contributions are essential. It is noteworthy that the parax-
ial assumptions used in the derivation of the model work as
well as they appear to for Py as large as 15 deg. It is also

noteworthy that agreement between the model and Mie the-
ory is absent if the -kap (1 - cos -y) phase term in Eq. (17) is
omitted from the model.

3. PHOTOGRAPHIC OBSERVATIONS OF THE
CROSS-POLARIZED BACKSCATTERING BY
FREELY RISING AIR BUBBLES IN WATER

Figure 6 is a top view of the experimental apparatus used to
observe the far-zone cross-polarized scattering near the z
axis. The incident laser beam of wavelength 514.5 nm in air
and power of 200 mW was polarized vertically as illustrated.
A small needle at the bottom of the cell was used to inject a
single microbubble, which rose vertically through the water
in the cell, where it was illuminated by the horizontally
propagating incident laser beam. The width of the Gauss-
ian irradiance profile beam was approximately 2.2 mm,
which is much larger than the diameter of the bubbles stud-
ied. Furthermore, the radius of curvature of the incident
wave front was >>ka2. These conditions imply that plane-
wave incidence was simulated. A portion of the backscat-
tered light passes through the beam splitter, and the hori-
zontal (i.e., cross-polarized) component of its field is trans-
mitted through the analyzing polarizer. A camera with an
85-mm focal-length lens was focused on infinity to record
the far-zone scattering pattern. Kodak 400 ISO Tri-X film
was used. The camera shutter was opened before the bub-
ble entered the beam and was closed after the bubble left the
beam. Refraction at the water-window-air interface was
taken into account for calculation of the scattering angle.
Angles are reported for an observer in water. The relative
refractive index of air and water was m = 0.7496. In the
water, the wave number k = 2-7r/(m 514.5 nm) - 16.29,vm-1.

A glass slide was used to trap the bubble above the scatter-
ing chamber to facilitate a size measurement of the bubble's
diameter. A measuring microscope (not shown in Fig. 6)
was mounted above the cell for measurement of the bubble

CAMERA

OBSERVATION
POLARIZER -- POLARIZATION

DIRECTION

/ LASER BEAM

BEAM INCIDENT
SPLITTER POLARIZATION

DIRECTION

BEAM CELL
DUMPS

IC ~BUBBLE
LIQUID (WATER)

MIRROR

Fig. 6. Top view of the experimental apparatus for observing the
cross-polarized backscattering. A measuring microscope (not
shown) is mounted above the scattering cell for bubble-diameter
measurements. The bubble size relative to the other apparatus and
the tilt of the cell windows have been exaggerated.
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diameter. In some cases, it was not possible to obtain size

measurements.

4. COMPARISON OF EXPERIMENTAL CROSS-
POLARIZED PATTERNS WITH NUMERICAL
CALCULATIONS

Figure 7 shows an experimental result for a bubble with ka =

1988. The fourfold symmetric sin2 2wp azimuthal depen-

dence of the irradiance, characteristic of a spherical scatter-

er, is readily observable in Fig. 7. Figure 8 and Table 2 give

comparisons of experimental data with model and Mie cal-

culations. The calculated scattering patterns were dis-
played on a monitor with 256 gray scales, and 250 X 250

pixels were used. Photographs of single quadrants of the

calculated scattering pattern were enlarged to yield the same
magnification as the experimental data. Differences in the
photographic materials used for experimental and model

pictures inevitably results in a contrast difference between
the two media. In all the pictures in Fig. 8, the first quad-

rant represents the model calculation, the third quadrant
represents the Mie-theory calculations, and the second and
fourth quadrants are experimental data for the second and
fourth observed quadrants. (The upward direction in the
figures corresponds to the upward direction in the observed
patterns.) Table 2 lists the important parameters for the
patterns of Fig. 8.

The radii determined by the microscope had a typical
uncertainty of +3 ,um. A shift in radius for computed pat-

terns of roughly +0.3 ,um produced noticeable disagreement

L

4 deg
Fig. 7. Photograph of cross-polarized near backscattering for a

bubble of radius 122.0 ,um with ka = 1988, showing the fourfold
symmetric azimuthal dependence characteristic of spherical scat-
terers. This is the experimental result used in Fig. 8(b).

with the observation. To facilitate an estimation of the
radius that is more accurate than that available from the
microscope data, a fitting procedure was developed (see Ap-
pendix B) that used optical data and the physical-optics
approximation of Eq. (21).

Figures 4, 5, 7, and 8 represent the primary results of this
paper. The observations shown are representative of sever-

al of the other patterns observed from bubbles in this range
of size. Figures 4, 5, and 8 illustrate the close agreement of

model and Mie-theory results for the special case of near
backscattering by air bubbles in water. Note the highly
structured scattering patterns for a few degrees off the back-
ward direction. Figure 8 provides visual confirmation of

model results and the efficacy of the simple radius-fitting
method of Appendix B. These results show that the shape
of bubbles freely rising in water for radii up to -150 Am is

sufficiently spherical for Mie theory to be applicable to
backscattering. Although the range of ka reported is rela-

tively restricted because of experimental limitations, Fig. 8
shows a great variety of the observed patterns.

The patterns of Fig. 8 have finely spaced fringes modulat-
ed by a gentle envelope (see also Figs. 5 and 7). A plot of just

the irradiance of the p = 3 glory ray manifests the fine
fringes that are due to the interference discussed in Subsec-
tion 2.A.2 but not this envelope. When the contributions of
p = 4, 5, 6, ... glory rays are included in the irradiance
calculation, the envelope becomes apparent, owing to signif-

icant interference among glory rays with different p. This
form of interference phenomenon was not as clearly seen in
previous photographs, which were for bubbles in oil.

4 In the

results reported in Ref. 4, scattering was dominated by the p
= 3 glory ray, so the expression for the spacing of irradiance
minima in Eq. (23) was useful for measuring the bubble

radius (Fig. 4 of Ref.4). We found this technique useful for

obtaining a rough estimate (within 10%) for the bubble radii
of Fig. 8; however, it was necessary to use the technique of

Appendix B for a more precise measure since appreciable
interference of glory rays having different numbers of chords

in the bubble occurred.
When the analyzing polarizer (Fig. 6) is set to transmit

vertically polarized fields, the pattern observed is the copo-
larized scattering.5"20 Background scattering was much
greater for this apparatus for copolarized scattering than for
the examples given here of the cross-polarized scattering.
Consequently, the copolarized scattering from bubbles was
not studied.

Observations of the cross-polarized backscattering pat-
terns for bubbles rising in water having diameters ' 300 ,um
show clear deviations from the fourfold symmetric sin2 2%
pattern, since larger bubbles become oblate in response to
the uneven distribution of hydrodynamic stresses. 10 A de-

scription and a model for these patterns will be given in a

subsequent paper. Figure 8(d) shows the first signs of devi-

ations from the sin2 2% dependence, as it lacks symmetry
about the lines (, = -45 deg and so = 135 deg.

It is noteworthy that internal reflections within a bubble
should also give rise to forward glory scattering (correspond-
ing to a forward axial caustic in the geometrical-optics ap-

proximation). Forward glory rays for drops of water typi-

cally circumnavigate part of the drop22 ; for bubbles, trans-
mitted forward glory rays should dominate, and these can
have as few as one internal reflection. 6"23 Detailed observa-
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(a) (b)

(c) (d)

4 deg
Fig.8. Photographs of cross-polarized near backscattering by a freely rising bubble in water. The first and third quadrants of each compositepattern are computer-generated results from physical optics and Mie theory, respectively. The bubble radii and ka values for (a)-(d) are givenin Table 2. In (a), the experimental photo has extraneous background scattering near the origin. White lines are borders of the synthesizedpatterns.

tions and models of the forward glory for bubbles in oil are
given in Ref. 24. The results of the present study of back-
scattering suggest that rising bubbles in water should exhib-
it the forward glory patterns of a sphere when the bubble
radius is 150 ,m or smaller. The allowed radii may be
somewhat larger than 150 Am, as the coupling between the
shape of the outgoing wave front with the lack of sphericity
(for the bubble) should be weaker than for backscattering,
for which at least two internal reflections are required.

APPENDIX A: AXIAL-RAY CONTRIBUTIONS
TO THE COPOLARIZED SCATTERING AND
COMMENTS ON EQ. (7)

The analysis here parallels that given for acoustical scatter-
ing in Sec. III C and App. C of Ref. 11. Since the axial rays
are unfocused their contributions to the far-zone amplitude
can be approximated directly from ray optics. Figures 9 and
10 define the distances needed to compute the propagation
phase differences A0 and A2 for the p = 0 and p = 2 rays
relative to the propagation delay from C' to the observation

point (x, y, z). Within the assumptions explained below, the
axial-ray contribution to the copolarized field in the far zone
is

El a( _)_= ' P P exp(ikr + i + u), (Al)

where r is the distance from C' to the observation point as
shown in Fig. 2. The factor hp > 0 accounts for the spread-
ing of rays, and the factor Cpa accounts for the partial reflec-
tion and/or transmission of the wave at each interface. The

Table 2. Experimental Data for Fig. 8
Experimental Best-Fit

Figure Radius (am) Radius (gtm) ka

8(a) 123 121.0 1971
8(b) a 122.0 1988
8(c) a 130.0 2118
8(d) 140 140.2 2283

a No reliable radius measurement.



W. P. Arnott and P. L. Marston
504 J. Opt. Soc. Am. A/Vol. 5, No. 4/April 1988

C'

INCIDENT
WAVE
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Fig. 9. Distances and angles needed to describe scattering caused
by the reflected axial ray. 0 is the incident angle, and hy is the
backscattering angle.

Both here and in the approximation of C2a, the distinction
between the Fresnel coefficients rj for polarizations perpen-
dicular or parallel to the local scattering plane is neglected.
This is an acceptable paraxial approximation in computing
the copolarized fields since (r, - r2) (202/m)rl vanishes as

the angle of incidence 9 - 0.
Next, consider the two-chord (p = 2) one-bounce axial ray

illustrated by Fig. 10. The relative phase is ¢2 = k[(12) +

m(234) + (45) - (C'6)]. Noting that (12) = (45) = a(1-cos 0)
and (23) = (34) = 2a cos v permits us to express t2 as

t2 = 2ka[(1 - cos 0) + 2m cos v] - ka(1 - cos y), (A4)

where the angles are related by y = 2(2v - 0). Use of the

following form of Snell's law, 6 = mv (since 0 is small),

approximates the angle of incidence by

0 ;t my
2(2 - m)

(A5)

To compute A2, v is eliminated from Eq. (A4) by use of v =

arcsin(m'1 sin 0). The appropriate reflection-transmission
factor for p = 2 is C2a - r(l - r2). In computing h2, Eq.
(A5) is used to express b2 = a sin 9 as function of By. The

result from Eq. (A2) is

( do= - a2 (2-m) m a ( m)2
V dQJ2 4 sin y 2- m 4 r2 - me

Fig. 10. Distances and angles needed to describe scattering caused
by the single-bounce axial ray. 0 and -y are the incident and back-
scattered angles, respectively. The refraction angle v is illustrated
for m = 0.6.

phase factor ,4 appears in Eq. (Al) for the same reasons that
it appears in Eq. (9); for p = O and A = O and for p = 2 and, =

-'ir. The square of the spreading factor is

hp'2 = (do) = bp dp , (A2)
\dQ2/P sin y dy

which has the physical significance of being the spreading
part of a differential cross section'l where bp is the impact

parameter for the pth class of axial ray backscattered with
an angle y.

Consider first the p = 0 ray, which travels from points 2 to
3 to 4 in Fig. 9. Denoting distances between points by the
notation ( ... ) gives to = k[(234) - (C'1)]. Noting the rela-
tions 9 = y/2, (C'1) = (56), and (23) = (34) allows to to be

written as

Ao = 2ka[1 - cos('Y/2)] - ka(l - cos y). (A3)

The spreading factor ho = a12 follows directly from Eq. (A2)
with 0 = y/2 and bo = a sin 0. The reflection coefficient here
becomes Coa - -rl, where r, is given by Eq. (8) and the minus
arises because the ray is incident from outside of the bubble.

(A6)

so that in the paraxial approximation h2 t am/2(2 - m).
The resulting expressions for E1,pa with p = 0 and p = 2 are

equivalent to approximations for axial-ray contributions to
the backscattered field previously obtained25 for exact back-
scattering (y = 0). The present paraxial analysis permits
the amplitude to be approximated even when -y $ 0. The
comparisons with Mie theory shown in Fig. 4 for the copolar-

ized cases are indicative of the range and the accuracy of the

approximations. Axial rays omitted from this analysis have
even values of p 2 4. These tend to give only small contribu-
tions to the field because Cpa - (r,)P'1 [1 - r12] is small and
because of the spreading factor25 hp z am/2(p - m). When
ha is large, all the axial-ray fields tend to be smaller than
those for glory rays because of the (ka)1/2 factor discussed
below Eq. (21).

For glory rays, polarization plays an essential role in the
form of the reflection-transmission factor [Eq. (7)]. The
factor (-1)P(l-i) accounts for a geometrical inversion of the
field component in the scattering plane (j = 2) that occurs
when p is odd4 such that C2 becomes •0 irrespective of the

sign of r2. If this factor is omitted from Eq. (7), comparisons

of the model with Mie theory no longer show the agreement

evident in Figs. 4 and 5. This factor was originally proved

by diagramming the field orientation at each interface along
a glory ray. An analogous geometric inversion for field com-

ponents parallel to the scattering plane was recently noted in
a theory of glory scattering by black holes.26"27

APPENDIX B: METHOD USED TO FIT THE
BUBBLE RADIUS

The bubble radii determined by using the measuring micro-
scope were accurate to within d3 gtm. We found that for
good agreement of experimental and numerical patterns to
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Table 3. Angular Locations of Bright and Dark Rings
in Fig. 8(c)

Ring Number Angular Location (deg) Curve in Fig. 11

4 0.74 a
5 0.90 b
1.5 0.31 c
2.5 0.49 d
3.5 0.66 e
4.5 0.83 f
5.5 0.99 g

11.5 2.08 h

__r 4
__

radius (ALm)
Fig. 11. Model cross-polarized irradiance at a series of fixed angles
measured from an experimental photograph for various bubble radii
to ascribe a best-fit radius to experimental data. Ring numbers and
angular locations for curves a-h are given in Table 3. Lines are
correctly ordered in magnitude for a bubble radius of -130 um as
indicated by an arrow on the axis. This result is pertinent to Fig.
8(c).

be obtained the necessary accuracy for the radius was -±0.3
,um. To obtain a best-fit radius for numerical computation,
the angular location y of several relative maxima and mini-
ma or the pattern on the developed print were measured for
a fixed p of 45 deg. The irradiance was calculated for each
angular position as a function of the radius for ±5 mm around
the experimentally measured radius. In cases in which no
reliable experimental measurements were available (be-
cause of problems with the microscope), an assumed experi-
mental radius was inferred from comparison with other pat-
terns for which the radius was known and from Eq. (23). A
plot of the irradiance calculated at a fixed -y for a range of
radii permits us to choose a best-fit radius as described
below.

Table 3 contains data used for fitting a bubble radius to
the pattern of Fig. 8(c). The ring column in the table refers
to the nth concentric bright ring (integers) or dark ring

(nonintegers), and the bright ring closest to the center would
be assigned the integer 1. The angular location of bright or
dark rings was determined by measuring their location on a
magnified print of the exposed negative, dividing by the
magnification factor of the negative-to-print process, divid-
ing by the focal length of the lens to determine the angle, and
using Snell's law to correct for refraction from water to air.
The first two entries represent bright rings on the print; the
others are dark rings. Figure 11 shows that the two maxima
and six minima-in Table 3 are in the correct relative order for
a radius of nearly 130 ,um. For all other radii away from 130
,um in this figure, the irradiance ordering for angular bright
and dark rings is incorrect. The radius obtained by this
procedure can be fine tuned by successively calculating the
pattern for qp = 45 deg for a narrow band around the ob-
tained radius and comparing it visually with the observed
pattern. This technique was used to fit a radius to each of
the patterns shown in Fig. 8.
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