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Ground impedance measurements are used for sound propagation predictions and to determine soil
properties. Solar heating of the ground leads to significant temperature swings and gradients in the
near surface soil. The equations of thermoacoustics are applied to estimate the magnitude of the
temperature effects on the impedance and develop an approximate equation for the adjustment of
measured impedance. Ambient temperature effects are shown to be significant; temperature gradient
effects in soils are negligible. The theory is applicable to noise control applications where larger
gradients may occur in sound absorbing materials. ©1997 Acoustical Society of America.
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INTRODUCTION

Measurement of the surface impedance of the groun
important for the prediction of sound propagation over
ground.1 Surface impedance measurements are also use
determine soil properties of agricultural grounds.2,3

Soils outdoors undergo wide temperature variations. T
temperature profiles in the ground are governed by the
input to the surface and the thermal properties of the soil
many cases the temperature profiles are approximately li
down to the damping depthd in the soil ~the 1/e length for
the daily cycle!. Surface temperatures can vary by as mu
as 30 K in a day.4 Damping depths depend on the soil ty
and moisture content but generally range5 from 7 to 15 cm.

Temperature gradients can have large effects on so
propagation in the boundary layer of solid surfaces. In re
nance tubes, large temperature gradients can produce a
fication of sound waves. The study of this effect is call
‘‘thermoacoustics.’’6 Arnott et al.7 explicitly demonstrated
the connection between the literature and notation of so
propagation through porous media to thermoacoustics.
subsequent paper, Arnottet al.measured the changes in im
pedance of a thermoacoustic stack as the temperature g
ent was varied.8 Significant, measurable changes in the i
pedance occurred for a 20-K change in temperature acro
4.0-cm-long porous stack.

In this paper, the theory of thermoacoustics is employ
to investigate the possible effects of temperature and t
perature gradients on the normalized surface impedanc
soils. Section I presents the thermoacoustics equations
describes the adaptation of these equations to calculate
surface impedance. Section II develops an ambient temp
ture normalization factor for the fitted flow resistivity, the
develops a calculation of the effect of temperature gradie
on the surface impedance of ordinary soils. Section III
velops an approximation for the effect of temperature gra

a!W. Patrick Arnott is at the Desert Research Institute, Atmospheric Scie
Center, P.O. Box 60220, Reno, NV 89506, and is an Adjunct Assis
Professor in the Department of Physics and Astronomy, University of M
sissippi.
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ents on ground impedance. Section IV contains a discus
of the results and conclusions.

I. APPLICATION OF THE THERMOACOUSTIC
EQUATIONS TO GROUND IMPEDANCE

A thorough review of thermoacoustic research is co
tained in a paper by Swift.6 Arnott et al.7 demonstrated tha
thermoacoustics could be formulated in terms of previo
porous media research. The notation of Ref. 7 will be f
lowed in this paper.

Temperature gradients in porous materials have
principal effects; the gas properties are functions of tempe
ture and the complex compressibility is modified due to
change in temperature of the porous media with respec
the gas as the gas is displaced by the sound wave. The
evant equations from Ref. 7 give a second-order differen
equation for the complex acoustic pressure amplitude i
pore:

r~z!

F~l!

d

dz S F~l!

r~z!

dp̂~z!

dz D12a~l,lT!
dp̂~z!

dz

1k0
2~l,lT! p̂~z!50, ~1!

where

a~l,lT!5b
dT

dz

1

2 S F~lT!/F~l!21

12Npr
D , ~2!

and

k0
2~l,lT!5

v2

c2
1

F~l!
@g2~g21!F~lT!#; ~3!

and the complex average velocity amplitude in the pore
terms of the pressure amplitude gradient is

v̂~z!5
F~l!

ivr~z!

dp̂~z!

dz
. ~4!

Here,a~l,lT! is a complex damping or gain parameter a
k0(l,lT) is the complex acoustic wave number. For an id
gasb51/T; this is appropriate for air filled pores. The pore
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are assumed to have a circular cross section of radiusR so
that the shear wave number~l! and thermal wave numbe
~lT! are given by

l5RArv/h, lT5RArvcp /k, ~5!

wherer(z) is the gas density,v the radial frequency of the
sound wave,h the viscosity,k the thermal conductivity, and
cp the heat capacity at constant pressure. Here,lT andl are
related by the square root of the Prandtl numberNpr , lT

5 ANprl. The thermoviscous function for circular pores is

F~l!512~2/Ail!@J1~Ail!/J0~Ail!#. ~6!

Figure 5 of Ref. 7 shows that the choice of pore sha
makes little gross difference in the value ofF~l!. These
small differences are significant when optimizing the perf
mance of thermoacoustic devices, but should be negligibl
estimates of temperature effects on ground impedance.
relative independence of the wave number and impedanc
uniform porous materials on pore shape factor is discusse
detail by Stinson and Champoux.9

The temperature dependence ofr, l, lT , and speed of
sound,c, in terms of reference values atT0 are

10

r5r0T0 /T, c5c0~T/T0!
0.5, ~7a!

l5l0~T0 /T!0.9245, lT5lT0
~T0 /T!0.9245. ~7b!

Values~7a! are directly from Ref. 10, pages 29–30, a
~7b! are from a power law fit to Eq.~10-1.16a! of Ref. 10.
The fact that the Prandtl number for air is approximat
independent of temperature was also utilized.

In thermoacoustic studies where the temperature gr
ents can be as large as 2000 K/m, Eqs.~1! and~4! are usually
solved by numerical integration. Atchleyet al.11 achieved
good agreement with data by solving Eq.~1! as a wave equa
tion with constantF~l!/r, a~l,lT!, andk0(l,lT) evaluated
at the center of the stack. The change in the material prop
F(l)/r(z) with depth is large for the small pores typical
the ground, so the method of Ref. 11 is extended. Equa
~1! can be rewritten for ideal gases as

d2p̂8~z!

dz2
12a8~l,lT!

dp̂~z!

dz
1k0

2~l,lT! p̂~z!50, ~8!

where

a8~l,lT!5
1

F~l! H dF~l!

dl

dl

dT
1
1

T FF~lT!2NprF~l!

~12Npr!F~l! G J dTdz ,
~9!

includes the effect of the derivative ofF(l)/r(z).
In this paper, soil is modeled as a homogenous se

infinite half-space with an imposed linear temperature gra
ent to the damping depthd. Although the daily and yearly
soil temperature variation is quite complicated, the tempe
ture profiles can often be approximated by a linear grad
to fixed depthd. The solution to Eq.~8! is then approximated
by

p̂~z!5Âeikz, ~10!
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whereÂ is a complex constant andk is a complex constan
evaluated at the surface. Substitution of this form into Eq.~8!
yields

2k21 ik2a8~l,lT!1k0
2~l,lT!50 ~11!

with solutions

k15 ia81Ak022a82, k25 ia82Ak022a82. ~12!

Here,a8 and k0 are the gain parameter and complex wa
number evaluated at the surface.

The treatment herein differs from Ref. 11 in three way
~i! The complex roots are evaluated from Eq.~11! di-

rectly yielding unequal wave numbers,k1 andk2.
~ii ! The wave numbers are evaluated at the surface,

at d/2, since the surface impedance is most affected by
face properties for sound absorbing soils.

~iii ! The effect of the changing material proper
F(l)/r(z) is included in Eqs.~8! and ~9!.

If the temperature gradient is zero, the treatment ab
recovers the usual porous media wave numbers. The velo
contributions corresponding to the two wave numbers can
calculated from Eq.~4!:

v̂6~z!5@F~l!/vr~z!#k6Âeik
6z. ~13!

The boundary condition at depthd is that the surface
impedance is that of a uniform semi-infinite porous med
To account for additional pore length due to the pores
being normal to the surface or not being straight, we int
duce the tortuosity factorq, which yields a pore length ofqd
at depthd. This reduces the temperature and pressure gr
ents by 1/q. Impedance matching then determines the rat
of amplitudesÂ2/Â1 within the gradient layer:

ivr~d!

F~l!

@eik
1qd1Â2/Â1eik

2qd#

@ ik1eik
1qd1Â2/Â1ik2eik

2qd#
5

vr~d!

F~l!k~d!
[Z~d!,

~14!

where bothF~l! are evaluated at damping depthd. The so-
lution to Eq.~14! is

Â2

Â1
5ei ~k

12k2!qd
@12k1/k~d!#

@12k2/k~d!#
. ~15!

The surface impedance of the media is then the ratio
p̂(0)/v̂(0) modified to account for the porosity and tortuo
ity of the pores. Porosity,V, is the ratio of open pore area t
total area. The tortuosity introduces an additional factor oq
to the surface impedance. With these average medium m
fications, the normalized surface impedance is given by

Z~0!5
vq

c~0!F~l!V

~11Â2/Â1!

@k11~Â2/Â1!k2#
. ~16!

Here,F~l! is evaluated at the surface.
Equation~16! is derived for cylindrical pores with tor-

tuosity q and porosityV. In ground impedance studies9,12,13

it is usual to approximateF~l! and to evaluate the imped
ance in terms of the dc flow resistivity:

s58q2vr/Vl2. ~17!
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II. PREDICTION OF THE EFFECT OF TEMPERATURE
GRADIENTS ON NORMALIZED GROUND
IMPEDANCE

First, the effect of a uniform temperature change on
normalized surface impedance should be understood. F
uniform temperature the gradient terms in Eq.~1! drop out.
The only temperature variation in the formula for the no
malized surface impedance is in the gas properties conta
in l andlT . Note that the measured flow resistance must
adjusted bys5s(T0)(T/T0)

0.849as developed from Eq.~17!
with Eqs. ~7a! and ~7b!, and c by Eq. ~7a! to predict the
temperature dependence of Eq.~16!. A temperature increas
leads to an increase in flow resistivity. A 30-K temperatu
difference over a year leads to a 10% change in flow re
tivity. Surface impedance data of homogeneous soils ta
over a wide range of surface temperatures should be nor
ized to a standard surface temperature.

Next, the dependence of impedance on the tempera
gradient in the soil is investigated. The depth dependenc
the temperature in the ground as the surface is heated b
sun is well understood.5 Although the form of the variation is
quite complex, the temperature profile near the surface
be approximated by a linear gradient down to the da
damping depthd which is on the order of 7–15 cm. The tot
daily temperature variation may be as large as 20 K over
distance for cultivated soils. As an estimate of the maxim
effect, the impedance for three media corresponding to l
medium, and high impedance soils for a temperature cha
of 20 K in 10 cm was calculated using Eq.~16!. The prop-
erties of the soil models are listed in Table I.

Figure 1 displays the dependence of the normali
ground impedance on the temperature gradient for low fl
resistivity ground. The imaginary part of the impedance
Fig. 1 is multiplied by21 for display purposes. The surfac
temperature is 300 K for all cases. A 200-K/m gradient c
responds to 300 K at the surface and 320 K at 10-cm de
The largest effect is on the imaginary part of the impeda
at very low frequencies. The maximum change in impeda
due to the temperature gradient is on the order of 6%.
effects of realistic temperature gradients on the impedanc
ordinary soils is negligible. The effect for the medium a
high impedance soils is smaller than that displayed in Fig

Also shown in Fig. 1 is the effect of depth of the grad
ent layer on the impedance. Doubling the layer depth to
cm with the same gradient leads to a small increase in
imaginary part at very low frequencies, but it should
noted that a 40-K total change between the surface and
bottom of the layer is unrealistic. The small change in i
pedance when the depth is doubled indicates that a s
infinite approximation may be used for analytic analysis

TABLE I. Porous media properties.

Pore radius
~R!

Porosity
~V!

Tortuosity factor
(q)

dc flow resistivity
at 293 K

Low 931025 m 0.5 1.4 723103 N s m24

Medium 631025 m 0.3 1.4 2703103 N s m24

High 431025 m 0.3 1.4 6003103 N s m24
604 J. Acoust. Soc. Am., Vol. 101, No. 1, January 1997
e
r a

-
ed
e

e
s-
n
al-

re
of
the

an
y

is

,
ge

d
w

-
h.
e
e
e
of

.

0
e

he
-
i-
f

temperature gradient effects on impedance. In addition,
similarity of the impedance change to the effect of expone
tially varying porosity14 leads one to suspect that an equiv
lence between the temperature gradient and exponent
varying porosity can be established and an analytic appro
mation developed to determine if temperature gradient
fects on impedance measurements are significant. This
culation is developed in Sec. III below.

III. APPROXIMATE FORMULATION FOR LOW
FREQUENCIES

In this section an approximate expression is develop
for the effect of a temperature gradient on the surface imp
ance of an homogeneous soil layer for low frequencies a
for a semi-infinite temperature gradient. Approximations f
F~l! have been used to develop expressions for the gro
impedance of homogenous media for small thermal and
cous wave numbers.12 For cylindrical pores

F~l!5F431
i8

l2G21

~18!

and

k0
25gS v

c D 2F431
g21

g
Npr1 i

8

l2G . ~19!

Further,F(lT) can be written in terms ofF~l! by noting 1
2 ANpr is small for air filled pores;

F~lT!5F~ANprl!

>F~l!2
dF~l!

dl
~12ANpr!l. ~20!

Substituting Eqs.~9!, ~19!, and ~20! in Eq. ~8!, using
l5l0(T0/T)

e, and evaluatingdF(l)/dl in terms ofF~l!
results in

FIG. 1. Normalized surface impedance of the ground with no tempera
gradient ———, a temperature gradient of 200 K/m for 10 cm –––
temperature gradient of2200 K/m for 10 cm••••••, a temperature gradient
of 200 K/m for 20 cm — - —.
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d2p̂

dz2
1F12S e1

1

11ANpr
D 2

@12 i ~l2/6!#G 1

T

dT

dz

dp̂

dz

1gS v

c0
D 2 T0T F S 432

g21

g
NprD1 i

8

l0
2 S TT0D

2eG p̂50.

~21!

For low frequencies,l is small and the termsil2/6 and
4
32~g21/g!Npr can be dropped leaving:

d2p̂

dz2
1F122S e1

1

11ANpr
D G 1

T

dT

dz

dp̂

dz

1 igS v

c0
D 2 8

l0
2 S TT0D

2e21

p̂50. ~22!

UsingEq.~7!, 12 2@e 1 1/(11 ANpr)# 5 21.925 and 2e21
50.849. Note that the term containingNpr is due to the ther-
moacoustic modification of the complex compressibility.

The substitutionsT5T0(11az) and z5(11az)/a,
wherea is the normalized temperature gradient inm21, lead
to the differential equation and corresponding solution

d2p̂

dz2
2
1.925

z

dp̂

dz
1k2~0!a0.849z0.849p̂50, ~23!

p̂~z!5Cz1.46H1.025
~1! ~Kz1.425!, ~24!

whereK5k(0)a0.4245/1.425 andC is a complex constant
Here,H1.025

~1! is chosen since we have assumed a semi-infi
gradient and radiation boundary conditions apply, i.e.,H1.025

~2!

becomes infinite as the depth increases. With the substitu
y5Kz1.425, Eq. ~24! is similar to Eq.~15! of Raspetet al.14

and the normalized surface impedance can be derived f
p̂(z) by following the procedure outlined in Ref. 14 yieldin

z~0!5z0F11
i1.5

2k~0!

a

qG>z01
i

gV

3

4

c0
v

a

q
. ~25!

The reduction in gradient along the pore due to tortuosity
introduced in Eq.~25!. z0 is the surface impedance of a
isothermal, uniform medium at the surface temperatu
Equation~25! employs the low-frequency approximation th
z0/k(0)5c0/gVv. Comparison with the result for exponen
tial pores @Eq. ~22!, Ref. 14# shows that the semi-infinite
linear normalized temperature gradient along the poresa/q
is equivalent to a normal exponential porosity gradienta
with a grain shape factorn851. Comparison of Eq.~25! with
the exact results for a 40-K change in 20 cm from Eq.~16!
showed good agreement.

The equivalence of the normalized temperature grad
and the exponential pore gradient is useful in establishing
minimum significant gradient at audio frequencies. Ref
ence 14 demonstrates that the exponential porosity grad
corrections are significant at 100 Hz only whena>10, a
factor of 20 larger than the gradient assumed in this pa
The equations above apply to any porous material~including
those used for noise control! with viscous wave number,l,
less than one@see Eq.~5!#. Equation ~25! shows that the
critical variable for significance of the temperature gradie
605 J. Acoust. Soc. Am., Vol. 101, No. 1, January 1997
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in such materials is the fractional temperature change
wavelengthc0/v(a) compared to the normalized impedan
z0.

IV. CONCLUSIONS

The effect of uniform temperature changes in the grou
can be calculated as modifying the dc flow resistivity a
density@see Eq.~7! and Sec. II#. Realistic temperature gra
dients in homogeneous grounds lead to negligibly sm
changes in only the imaginary part of surface impedan
Temperature increases in the ground are analogous to
creasing exponential porosity grounds, while temperature
creases are analogous to increasing porosity grounds. An
proximate formula for the effect of a linear temperatu
gradient on the surface impedance of the ground has b
developed and is used to demonstrate that the effects
small for soils heated by the sun. Temperature gradient
fects are measurable for low impedance surfaces as indic
by Eq. ~25! and by the results of Reference 8. Howev
agricultural soils have too high a surface impedance for te
perature gradient effects to be measurable.
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