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This study compares the optical coefficients of size-selected soot particles measured at a wavelength of
870 nm with those predicted by three theories, namely, Rayleigh–Debye–Gans (RDG) approximation,
volume-equivalent Mie theory, and integral equation formulation for scattering (IEFS). Soot particles,
produced by a premixed ethene flame, were size-selected using two differential mobility analyzers in
series, and their scattering and absorption coefficients were measured with nephelometry and photo-
acoustic spectroscopy. Scanning electron microscopy and image processing techniques were used for the
parameterization of the structural properties of the fractal-like soot aggregates. The aggregate structural
parameters were used to evaluate the predictions of the optical coefficients based on the three light-
scattering and absorption theories. Our results show that the RDG approximation agrees within 10%
with the experimental results and the exact electromagnetic calculations of the IEFS theory. Volume-
equivalent Mie theory overpredicts the experimental scattering coefficient by a factor of �3.2. The optical
coefficients predicted by the RDG approximation showed pronounced sensitivity to changes in monomer
mean diameter, the count median diameter of the aggregates, and the geometric standard deviation of the
aggregate number size distribution. © 2007 Optical Society of America

OCIS codes: 010.1290, 290.5850.

1. Introduction

A. General

Carbonaceous aerosols constitute an important frac-
tion of particles residing in the troposphere [1]. Their
presence in the atmosphere influences the Earth’s ra-
diation balance and climate [2,3], atmospheric chem-
istry [4], visibility [5,6], and the health of living beings,
including humans [7,8], on scales ranging from local to
global. On a global scale, these carbon-bearing aerosols

impact our planet’s climate directly and indirectly. Di-
rectly, they alter the global radiation budget by absorb-
ing and scattering light. This reduces the net solar
radiative flux to the Earth’s surface. Light absorption
also warms the atmosphere in the vicinity of the aero-
sols. Likewise, deposition of soot on ice and snow sur-
faces increases the surface absorption of solar energy,
thus heating and potentially melting the ice and snow
[9]. The indirect effects of carbonaceous aerosols on
climate are due to the ability of soot particles to alter
cloud properties by serving as cloud condensation nu-
clei (CCN) [10,11]. For clouds with the same liquid
water content, an increase in the number of CCN in a
cloud leads to smaller cloud droplets. These clouds are
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expected to be more reflective, have a longer lifetime,
and produce less precipitation [12].

Recent field studies have shown that combustion-
generated chain aggregates (generically termed “soot”)
are often a significant fraction of the carbonaceous
aerosols present in the troposphere [13,14]. Soot is
formed by incomplete combustion of fuels such as hy-
drocarbons and biomass. Major sources of combustion-
generated carbonaceous aerosols in the atmosphere
include vehicle emissions, power-plant emissions, and
biomass burning [15]. The morphology of smoke par-
ticles from biomass burning changes rapidly during
atmospheric aging, with chain aggregates and other
nonspherical particles becoming more compacted and
increasingly spherical with time [16].

Systematic studies of soot particles are facilitated
by the use of simple combustion systems such as
premixed flames and diffusion burners. Short-chain
aliphatic hydrocarbons are frequently selected as fu-
els. In this study, we compare measured and calcu-
lated optical properties of soot particles produced
from a simple premixed ethene�O2 flame.

Quantifying the optical properties of soot is chal-
lenging mainly because of the complex fractal-like
particle morphology [17–19]. A considerable amount
of research has gone toward understanding the phys-
ical and optical properties of soot aggregates [19–21].
The individual spherules that form the aggregate
particles are generally small compared to the wave-
length of light so that they satisfy the Rayleigh-limit
scattering theory. However, the aggregates as a
whole do not exhibit either simple Rayleigh or Mie
scattering behavior. Mie calculations apply only to
spherical, homogeneous particles. However, because
of its simplicity, Mie theory is often used to esti-
mate the optical properties of nonspherical carbona-
ceous aerosols in the atmosphere [22,23]. Two widely
used approaches employ volume- or surface area-
equivalent spheres for describing nonspherical parti-
cles in order to facilitate the use of Mie theory [24].
Although this approach may be reasonable in some
cases, recent studies have shown that it can produce
misleading results in the retrieval of aerosol physical
properties using remote sensing techniques [25,26].

On the other hand, an exact electromagnetic ap-
proach developed by Jones [27] in 1979 has since been
utilized in numerical studies [19–21]. A major draw-
back of this methodology is the need for solving a linear
algebraic system of 3N equations for one single orien-
tation of the aggregate (N is the number of monomers
in the aggregate). This presents a formidable compu-
tational task when N is larger than approximately 50.
Moreover, this method requires knowledge of the geo-
metrical position of each monomer in the aggregate,
which is generally unknown but could be simulated
with a numerical model. Furthermore, when randomly
oriented agglomerates are considered, the result must
be averaged over a large number of orientations, thus
requiring the repeated solving of algebraic systems of
3N equations. Thus, while calculation of the optical
properties by use of exact electromagnetic theory can
be achieved with modern computational technology,

the problem is complex and computationally intensive.
Therefore, simpler formulations with sufficient accu-
racy are of interest.

In 1979, Forrest and Witten developed a simpler
method for describing aggregates of metal smokes by
using fractal mathematics [28]. Fractal aggregates
are scale invariant, that is, their irregularity is sim-
ilar regardless of scale between the limits of monomer
and total aggregate size. This implies that a quanti-
fiable mathematical parameter, the fractal dimen-
sion D [defined later in Eq. (2)], is instrumental in
describing aggregate shape and size. Fractal mathe-
matics along with certain assumptions regarding
multiple scattering and monomer properties within
aggregates has led to the formulation of a simple
scattering theory by aggregates, called the Rayleigh–
Debye–Gans (RDG) formulation for fractal aggre-
gates. This formulation originates from small-angle
x-ray scattering [29,30] and small-angle neutron
scattering [31,32] studies of fractal aggregates. The
real part of the refractive index of materials for x rays
is essentially unity, hence the angular distribution of
the scattering is simply proportional to the square
of the Fourier transform of the aggregate cross sec-
tion. Thus, the success or failure of this formulation is
not tied to the fractal nature of the aggregate; rather,
it depends on the relative strength of intra-aggregate
multiple scattering.

Several investigators have explored the ability of
the RDG theory to estimate optical properties of ag-
gregates using scattering�extinction experiments
and more exact scattering computations. Berry and
Percival [33], followed by Nelson [34], were the first
to consider fractal aggregate optics, scattering, and
absorption theoretically, and their results largely
support the simple formulation of the RDG approxi-
mation. For the fractal dimension, D � 2, they found
that multiple scattering was not significant; this im-
plies that RDG can be used in these cases. A number
of subsequent studies concluded that RDG must be
corrected upward by 10%–20% for D � 2, when the
monomer size parameter is less than 0.4 and a real
refractive index is included [19–21,27,35]. Farias
et al. compared the exact volume integral effective
field formulation of the electromagnetic scattering
problem with RDG approximation over a broad range
of monomer refractive indices and size parameters
[21]. Recently, Wang and Sorensen compared the cal-
ibrated measurements of optical scattering cross sec-
tions for two fractal aggregate aerosols (SiO2 and
TiO2) with RDG prediction for the scattering cross
section of fractal aggregates, and found very good
agreement [35].

However, a direct comparison of RDG-predicted op-
tical properties of soot with experimentally measured
optical properties is still missing. This has provided
the main motivation for this study. Most past studies
have reported indirect comparison of the RDG cross
sections of soot with experimental data [35–38] using
the RDG theory to interpret light-scattering data to
determine soot aggregate parameters. Although very
good agreements were reported between aggregate
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parameters measured by small-angle light-scattering
techniques interpreted with RDG and those obtained
using electron microscopy, both procedures may suf-
fer from fundamental errors. For example, there is
the uncertainty of the unknown particle size distri-
bution of the sample, from which light is being scat-
tered. Light scattering involves high moments of the
size distribution, and often a mean average size and
other structural parameters of the aggregates are
inferred from the light scattering data. The accuracy
of these extracted averaged values is uncertain
mainly because of the inability of light-scattering
techniques to measure scattering in the Guinier (i.e.,
small-angle) regime, where the effects of interference
and multiple scattering are more pronounced [38].
On the other hand, the perturbative nature of the
flame system affects the sampling of the particles for
electron microscopy.

Standard transmission and scanning electron mi-
croscopy (SEM) analysis involve extrapolation of
three-dimensional morphological parameters of ag-
gregates from their two-dimensional projections. The
unusually high degree of uncertainties involved in
these techniques makes it difficult to compare their
results faithfully. Furthermore, the calculated re-
sults are often plagued with the use of the uncertain
value of the refractive index of soot. Wang and So-
rensen performed a successful closure experiment of
the RDG theory for the high moments of a polydis-
perse size distribution, relying on the light-scattering
measurements for obtaining aggregate size informa-
tion [35]. In addition, they investigated scattering
properties of noncarbonaceous aggregates, namely,
SiO2 and TiO2, which have well-known real indices of
refraction.

In this paper, we make a direct comparison of RDG
predicted optical properties of a monodispersive size
distribution of soot aggregates with measurements
made by state-of-the-art optical instruments. Soot par-
ticles were produced from the combustion of ethene
(C2H4) and air in a premixed flame. Particles were
sampled from the flame through two differential mo-
bility analyzers (DMAs) arranged in series to obtain a
monodisperse size distribution. The particles exiting
the DMAs were distributed to a suite of instruments,
namely, a particle sampling unit for electron micros-
copy, an integrated photoacoustic nephelometer (IPN),
a condensation particle counter (CPC), and a scanning
mobility particle sizer (SMPS). The structure measure-
ments were carried out using SEM images of soot par-
ticles sampled on Nuclepore filters. The findings
obtained from the analysis of SEM images include
fractal dimensions, the probability density distribu-
tions of primary and aggregate particle diameters, ag-
gregate radius of gyration, number of monomers in
aggregates, and various aggregate projected dimen-
sions. Simultaneous measurements from the other
instruments include the particle size distribution
(SMPS), number concentration (SMPS and CPC), and
scattering and absorption coefficients (IPN). The size
distributions, obtained from both SMPS and SEM
analysis, were compared and used to calculate scatter-

ing and absorption coefficients using the RDG formu-
lation. These results were compared with the IPN
measurements, Mie calculations, and exact electro-
magnetic theory calculations for fractals as discussed
in Farias et al. [21]. Finally, a sensitivity analysis of
the various parameters involved in the RDG formula-
tion is presented.

The paper begins with a description of the various
experimental and theoretical methods used during
the study. This is followed by results, which include
estimates of soot structure parameters from electron
microscopy analysis, comparison of experimental re-
sults with the results obtained from various theoret-
ical formulations, and sensitivity analysis of the
various structure parameters involved in the RDG
formulation. Section 4 briefly sums up the findings of
this study, and points to the need for future work.

B. Nomenclature

a � monomer radius;
Aagg � agglomerate projected area;
Ap � average monomer area;
Babs � absorption coefficient;
Bsca � scattering coefficient;
cmd � count median diameter;
C � optical cross section;
dp � mean monomer diameter;
D � fractal dimension, Eq. (2);
Dc � diameter for the onset of power law regime,

Eq. (17);
Deq � projected area equivalent diameter;
DfL � fractal dimension, Eq. (28);
Dgm � count median mobility diameter;
Dr � representative diameter, Eq. (17);
Dm � mobility diameter;
Dve � volume-equivalent diameter;
D2 � sum of all dark pixels, Eq. (22);
E�m� � function of refractive index defined by

Eq. (16);
F�m� � function of refractive index defined by

Eq. (8);
g�kRg, D� � form factor expression;
k � wavenumber;
k0 � prefactor constant, Eq. (2);
ka � prefactor constant, Eq. (21);
kL � prefactor constant, Eq. (29);
kr � prefactor constant, Eq. (27);
Lmax � maximum projected length;
m � complex refractive index;
n � total agglomerate number concentration;
nfuel � number of moles of fuel, Eq. (1);
nO2

� number of moles of oxygen, Eq. (1);
N � number of monomers, Eq. (2);
q � modulus of scattering vector;
Q � charge;
rcm � position of agglomerate center of mass;
Rg � three-dimensional radius of gyration;
Rg,2 � two-dimensional radius of gyration;
S�qRg� � structure factor expression;
t � moment of a size distribution;
v � finite sample size;
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x1, x2 � constants in Eq. (3);
Xi (i � integer) � sample of a population;
� � exponent of the power-law relationship in Eq.

(21);
�r � exponent of the power-law relationship in Eq.

(26);
�g � geometric standard deviation;
� � fuel-to-oxygen equivalence ratio, Eq. (1);
� � aggregate scattering parameter, Eq. (13).

1. Subscripts

sca � scattering;
abs � absorption;
diff � differential scattering;
stoich � stoichiometric.

2. Superscripts

p � monomer;
agg � agglomerate;
RDG � Rayleigh–Debye–Gans approximation;
Mie � Mie theory.

2. Experiment

A. Soot Generation

Soot agglomerates were produced by a premixed
flame supported on a cooled porous frit burner
(McKenna Products) through combustion of ethene
�C2H4� �1.4–4.2 l�min� and oxygen �O2� (2.0–4.5 l�
min) premixed with a dilution flow of nitrogen �N2�
�1.0–5.0 l�min.� and surrounded by an N2 sheath flow
��25 l�min� [see Fig. (1)]. The premixed gases were
passed through a 6 cm diameter porous frit, which in
turn was surrounded by a 0.5 cm wide annular
sheath region through which N2 was passed. The

properties of the flame-generated soot particles de-
pend strongly on the fuel-oxygen equivalence ratio �,
defined as the fuel-to-O2 ratio divided by the stoichi-
ometric fuel-to-O2 ratio for complete combustion to
CO2 and H2O and is expressed as

� �
nfuel�nO2

�nfuel�nO2�stoich

, (1)

where n stands for the number of moles of fuel or O2.
In the present study, a fuel-rich � of 2.8 was used to
obtain soot with a high ratio of black carbon (BC) to
organic carbon (OC) [39]. The premixed gas and
sheath flows were contained by a glass housing
shaped to minimize convective mixing, thereby en-
suring that the flame stoichiometry was well charac-
terized. Sampling was carried out in the overfire
region of the flame, where the characteristic flame
residence times are roughly an order of magnitude
longer than the laminar smoke point residence time.
These conditions are of importance because the soot
particle monomer number in the long residence time
regime is independent of axial position, which facili-
tates sampling of a steady and uniform distribution of
particles. The sampling tip consists of two concentric
stainless-steel tubes with particles carried up the in-
ner tube while a separate carrier gas �N2� flow
�14.5 l�min� is passed down the outer tube and then
back up the inner tube, as shown in the inset to Fig.
(1). The gas flow around the lip of the inner tube
prevents soot buildup in this region and dilutes the
particle concentration. The gas flow carrying the di-
luted soot aerosol was then passed through an im-
pactor to remove particles larger than �5 �m in
diameter, followed by two DMAs for size selection.

Fig. 1. Schematic of the experimental setup used for soot generation and characterization.
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B. Particle Size Selection

To generate a monodisperse particle size distribution,
the particles were size selected according to their
mobility diameter (Dm, i.e., the diameter of a sphere
that has the same drift velocity in an electric field as
the particle under study) using two differential mo-
bility analyzers (DMAs) (Model 3071A, TSI, St. Paul,
Minnesota, USA) arranged in series. A DMA operates
by introducing polydisperse charged particles into a
stream of clean air that flows through the annular
space between two concentric tubes with an adjust-
able voltage between them [40]. The trajectory of the
particle depends on the flow, voltage difference, and
particle electrical mobility. Particles of a narrow elec-
trical mobility range are removed through a slit lo-
cated toward the end of the inner tube. The particles
exiting a DMA are sized by their electric mobility,
which is related to the particle mobility diameter Dm

divided by charge Q carried by the particle. If parti-
cles with mobility diameter Dm and Q � 1 are se-
lected, particles with mobility diameter �iDm and
Q � i (i being an integer number) may also be trans-
mitted. Therefore, at any instrument setting, multi-
ple particle size modes may be transmitted by the
DMA. The number of transmitted modes is limited by
the range of the particle size distribution. The frac-
tion of particles transmitted in the Q � 1 mode de-
pends on the selected Dm and the fuel equivalence
ratio �. In the present experiment, Dm was selected to
be 400 nm to (a) allow a minimal number of multiple
charged modes to be transmitted by the DMA, and (b)
facilitate to work near the Guinier regime of the RDG
approximation (which will be discussed in Section 3)
[41]. For Dm � 400 nm and � � 2.8, it was common to
find three particle modes transmitted by the first
DMA. To further improve the monodisperse nature of
the particles, output particles from the first DMA
were introduced into a second DMA, which was set to
select particles with Dm � 400 nm and Q � 2. While
introduction of the second DMA significantly im-
proved the monodisperse character of the particle
distributions from �60% ��25%� to �80% ��20%� by
volume, modes other than the selected size modes
were still found to contribute. Due to the flow require-
ments of the instruments and the need to sample
particles of a large size, the sheath�aerosol flow rates
in both the DMAs were �4:1 (sheath flow �8 l�min;
aerosol flow �2 l�min). Under these flow conditions,
the resolution of the DMA instruments was approx-
imately �30%. The serial combination of the two
DMA instruments yielded a resolution of approxi-
mately �20%.

C. Instrumentation for Analysis

After size selection, the flow containing the size-
selected particles was split isokinetically (i.e., the ax-
ial velocity of the flow remained unchanged by the
partition) in order to provide equal size distribution
and number density of the particles in all sample
lines. The split sample lines branched out to a
particle-sampling unit for SEM, the IPN, a CPC, and

an SMPS, for simultaneous sampling and measure-
ment of particle properties. Conductive tubing was
used in order to minimize particle transport losses. A
brief summary of each instrument used during this
study is given in Subsections 2.C.1–2.C.3.

1. Integrated Photoacoustic Nephelometer
The IPN consists of a photoacoustic spectrometer [42]
and a reciprocal integrating nephelometer [43] in one
instrument using the same sample volume and laser
beam. The photoacoustic spectrometer measures par-
ticle light absorption with a power-modulated laser
beam inducing particle temperature changes and
subsequent pressure changes of the surrounding
air at the modulation frequency [42–44]. Light-
absorbing particles generate a sound wave, and the
sound is detected with a microphone and used to
measure the light absorption coefficient Babs after in-
strument calibration [45]. The reciprocal integrating
nephelometer adds a cosine-weighted optical detector
to the instrument that measures the integrated (over
�4�) scattering from the sample volume yielding the
scattering coefficient Bsca [43]. The instrument used
here has a laser operating at 870 nm with a modula-
tion frequency of 1500 Hz.

2. Scanning Mobility Particle Sizer and
Condensation Particle Counter
The SMPS instrument yields the particle number
size distribution in terms of the mobility diameter Dm

for particles with Dm � 670 nm. The SMPS consists of
a scanning DMA (Model 3080, TSI) and a CPC (Model
3010, TSI) in series. The DMA scans through the
particle distribution by stepping through 39 voltage
differences over 2–10 min, while the CPC counts the
number of particles in each size bin. The scanning
DMA is operated with a sheath�aerosol flow ratio of
10:1 (sheath flow � 3 l�min; aerosol flow � 0.3 l�min),
yielding a DMA size transmission width of approxi-
mately �10%. In cases where more than one particle
mode is present, due to multiple charging of aerosol
particles, the size distributions are corrected by an
algorithm provided by the instrument manufacturer.
The mobility size distributions exiting the SMPS are
based on the Gaussian expressions for the DMA
transfer function given by Stolzenberg and McMurry
[46]. An additional CPC (Model 3010, TSI) located at
the outlet of the IPN provides information about the
total particle concentration in the IPN.

3. Scanning Electron Microscopy Filter Loading
and Analysis
For SEM analysis, soot particles were impacted at a
flow rate of 2 l�min onto 10 �m thick nuclepore clear
polycarbonate 13 mm diameter filters (Whatman
Inc., Chicago, Illinois, USA) mounted in Costar pop-
top membrane holders. After sampling, the filter
samples were kept in refrigerated storage and later
prepared for SEM analysis by coating them with a
1 nm thick layer of platinum to prevent aerosol
charging during SEM analysis. The coated filters
were analyzed using a Hitachi Scanning Electron Mi-
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croscope (Model S-4700). Images of approximately
300–400 particles were selected, based on the ran-
dom distribution of particles on the SEM filter, for
morphology and shape quantification. Additionally,
electron dispersive spectroscopy (EDX) analysis of
the soot agglomerates was performed, and showed
carbon and oxygen to be the primary constituents of
the particles.

3. Theoretical Methods: Optics of Fractal-Like
Aggregates

A. General Description

A fractal may be defined as an object with scale-
invariant symmetry, i.e., it has a similar structure on
a variety of length scales [47,48]. Forrest and Witten
[28] first used the fractal concept to mathematically
describe aggregates made up of repeating monomer
units. Since then, numerous studies have shown that
the concept of scale-invariant symmetry can conve-
niently be used for describing aggregates formed by
random agglomeration processes [29–32]. For ag-
glomerates, a consequence of this scale invariance is
that the number of monomer units N in an agglom-
erate scales with the cluster radius of gyration Rg as

N � k0�Rg�dp�D, (2)

where D is the noninteger fractal dimension, k0 is the
fractal prefactor, and dp is the mean monomer diam-
eter. The attribute of scale invariance over a finite
length scale of agglomerate gives rise to uniform fluc-
tuation in the density of the whole agglomerate sys-
tem except for its surface, where one encounters a
discontinuity. The Ewald–Oseen extinction theorem
states that light scattering does not occur from uni-
form systems, but from the fluctuations in the density
of scatterers [48,49]. For a scale-invariant agglomer-
ate, light scattering is due to the density fluctuations
present on its surface in the form of discontinuity,
which for a refractive index of �1 can be studied
using the Fourier transform. While exact electromag-
netic solutions are too complex for analyzing and
understanding these scattering processes, Fourier
optics is simple and also provides information regard-
ing the structure of the scattering system, the so-
called “structure factor.” The structure factor S�qRg�
is both the Fourier transform of the density autocor-
relation function of the scattering system and the
square of the Fourier transform of the density distri-
bution of the scattering system (in our case, the
particle). The structure factor gives the scattered
intensity of light in the q space (reciprocal space with
units of inverse length) [48]. The scattered intensity
follows patterns for describing crossover regions as
q	1 passes through a characteristic length scale of the
system [48]. The patterns of the scattered intensity
often manifest themselves in the form of sharp turns
at the crossovers in q space. These sharp turns help
divide the scattered intensity into different regimes,
each describing a characteristic length scale of the
system under study. For scattering from an agglom-

erate, the scattering pattern, or S�qRg�, is expressed
in two regimes, namely, the Guinier regime (small-
angle) and the power-law regime (large-angle)
[41,48–51]. Under the approximation that multiple
and self-scattering effects within the aggregate are
negligible, so that the electric field for each monomer
is the same as the incident electric field and differ-
ences in phase shift of scattered light from within a
monomer are ignored, analytical expressions of the
structure factor are given as

S�qRg� � x1 exp�	x2�qRg�2�3�, Guinier regime, (3)

S�qRg� � �qRg�	D, power-law regime,
(4)

where q � 4�
	1 sin ��2 is the modulus of the scat-
tering wave vector [48] and � is the scattering angle.
The Guinier regime derives its name from the law of
Guinier, which originally proposed that with x1 �
x2 � 1 the expression approximately describes the
scattering of x rays by an electron cloud [41,52]. Dob-
bins and Megaridis tested the applicability of the
Guinier law to describe the scattering by randomly
oriented polydisperse soot aggregates and found the
appropriate values of x1 and x2 to be close to unity
[41]. The structure factor attains the maximum value
in the Guinier regime, where scattering mainly de-
pends upon the number of monomers in the aggre-
gates. In contrast, the structure factor depends
strongly on the aggregate arrangement through the
values of Rg and D in the large-angle (i.e., power-law)
regime. The boundary between the Guinier and
power-law regime is taken to be �qRg�2 � 3D�2 [41].
Subsection 3.B summarizes how the structure factor
expression facilitates calculation of the optical prop-
erties of an aggregate.

B. Single Aggregates

Aggregate monomers or primary particles are small
spheres with a complex index of refraction m. In com-
bustion aerosols, the monomers radius a is generally
much smaller than the wavelength � of visible light
(i.e., a �� 
) and they can be treated as Rayleigh
scatterers because they fulfill the conditions

ka �� 1, (5)

�m�ka �� 1, (6)

where k is 2��
, the angular wavenumber. The scat-
tering cross section of each monomer is given as [49]

Csca
p � k4a4F�m�, (7)

where

F�m� � �m2 	 1

m2  2�. (8)

The assumption of each monomer scattering (and ab-
sorbing) independently facilitates the use of the con-
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cept of scale invariance to treat the optical properties
of an agglomerate with N identical monomers. It then
follows that the differential scattering cross section
for an N monomer agglomerate is [48,49]

Cdiff
agg��� � N2Csca

p S�qRg�. (9)

To obtain the scattering of randomly polarized light,
Eq. (9) is multiplied by �1  cos2 ���2 [48,49], and the
resulting expression is integrated over all directions
(i.e., over 4�) to yield

Csca
agg � N2

8
3 �k4a6F�m�g�kRg, D�, (10)

where g�kRg, D� is the form factor obtained by inte-
grating the structure factor expression of Eq. (9) over
4�. The form factor expression is often an elaborate
algebraic expression. In theory, it should be experi-
mentally extractable; in reality, the inability of the
experimental setups to measure scattering at angles
close to 0° (Guinier regime) inhibits the complete ex-
traction of the structure factor curve. Due to this
limitation, numerical simulation of the growth of
fractal-like agglomerates and their scattering prop-
erties has been used to derived different versions of
the form factor expression. Dobbins and Megaridis
[41] integrated the Fisher–Burford [53,54] structure
factor equation over the small qRg Guinier regime
and later extended it to the power-law regime yield-
ing a commonly used analytical form of the form fac-
tor for all qRgxx:

g�kRg, D� � �1 
4

3D k2Rg
2�D�2

. (11)

The results obtained using this expression were
shown to agree with scattering calculations that were
performed by Mountain and Mullholland on numer-
ically simulated populations of agglomerates grown
using the Langevin equations [54]. Excellent agree-
ment was found especially for small and intermediate
values of k2Rg

2, that is, for particles limited to the
submicrometer range; on the other hand, the expres-
sion tends to overestimate the simulation results in
the power-law regime. Köylü and Faeth [38] included
the behavior of both the Guinier and the power-law
regime in their form factor expression as

g�kRg, D� � �1 	
2
3 k2Rg

2�, �kRg�2 � 3D�8, (12)

g�kRg, D� �
�

2�3 	 3�  2�2� 	
�kRg��2

3 � �3 	 4�  3�2�

 �2kRg�	D� 3
2 	 D 	

12

�6 	 D��4 	 D�

	 3�1	D�2 � � 1
2 	 D 	

2�

4 	 D 
2�2

6 	 D�	,

�kRg�2 � 3D�8, (13)

where � � 3D��8k2Rg
2� is the aggregate scattering

parameter.
In the current study, where soot aggregates were

size selected with a mobility diameter of 400 nm,
which corresponds to an intermediate k2Rg

2 value of
2.6, the simplified form factor expression of Dobbins
and Megaridis [41] is appropriate. The more rigorous
expression by Köylü and Faeth [38] was also em-
ployed, and results obtained from the different form
factors were compared with the experimentally mea-
sured data. Neglecting multiple scattering, the ab-
sorption cross section of an aggregate may be written
as the sum of monomer absorption cross section or

Cabs
agg � NCabs

p , (14)

where Cabs
p is the absorption cross section of a Ray-

leigh monomer, defined as

Cabs
p � 4�ka3E�m�, (15)

E�m� � Im�m2 	 1

m2  2�. (16)

C. Polydispersive Aggregate Population

The mean differential scattering coefficient for a pop-
ulation of randomly oriented polydispersive aggre-
gates is found by integrating over all aggregate sizes
with

Bdiff
agg �

8
3 �k4a6F�m��


Dr�1

Dr�Dc

n�Dr�N2�Dr�exp�	q2Rg
2�3�dDr



Dr�Dc

Dr��

n�Dr�N2�Dr��qRg�	DdDr�, (17)

where Dc � k0�3D��2q2dp
2��D�2 is the aggregate size for

the onset of power-law regime and n�Dr� is the aggre-
gate number concentration as a function of Dr, a rep-
resentative diameter of the agglomerates (in our case,
the mobility diameter) [38]. The expression in Eq.
(17) presents the integration of individual aggregate
differential scattering cross sections over the entire
Guinier and power-law regime. For small sizes of
the aggregates �Dr � Dc�, the contribution from the
power-law integral is negligible, yielding an integra-
tion over the Guinier regime. Similarly for interme-
diate to larger particles �Dr � Dc�, the integration is
done over the entire power-law regime. The radius of
gyration Rg of an aggregate is a function of the ag-
gregate size, and hence cannot be used as a constant
valued parameter in the integration expression of Eq.
(17). Past studies [38,41,55] have either used a mean
Rg averaged over the entire size distribution or two
different Rg values averaged for the Guinier and the
power-law regimes. This may lead to significant error
in the scattering calculations since at any angle some
of the aggregates of the polydisperse population are
in the Guinier regime while others are in the power-
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law regime. Moreover, large aggregates dominate
scattering at small angles while small aggregates
contribute more to the scattering pattern at large
angles. To avoid these problems in this study, we
define Rg of an aggregate as a function of its mobility
diameter. If one chooses to use the form factor ex-
pression of Eq. (11), then substitution of N, Rg, and
g�kRg, D� as a function of the aggregate mobility
diameter Dm into Eq. (17) yields the scattering coef-
ficient expression for a polydispersive set of aggre-
gates as

Bsca
agg �

8
3 �k4a6F�m�


Dm�1

Dm��

n�Dm�N2�Dm�

� g�kRg�Dm�, D�dDm. (18)

On the other hand, if one chooses to work with the
form factor expression of Eq. (12) and (13), care must
be taken for substitution of the right expression for
g�kRg, D� based on the regime (i.e., Guinier or power-
law) one is working in. For calculation of the absorp-
tion coefficient of polydispersive aggregates, Eq. (14)
and (15) imply the simple result

Babs
agg � 4�ka3E�m�


Dm�1

Dm��

n�Dm�N�Dm�dDm. (19)

4. Results and Discussion

A. Soot Structure Properties

To calculate scattering and absorption coefficients for
soot aggregates from Eq. (18) and (19), several struc-
tural properties of soot, namely mean monomer diam-
eter dp, fractal dimension D, number of monomers N,
and radius of gyration Rg as a function of Dm, are
needed. For the calculation of optical properties,
knowledge of these structural parameters in three di-
mensions would be ideal. However, it is very challeng-
ing to measure these properties in three dimensions,
and extraction of three-dimensional information from
two-dimensional SEM images is generally preferred.
For this purpose, we use the common procedure of
utilizing the projected area of an agglomerate to infer
three-dimensional properties.

1. Relationship Between Projected Area Equivalent
Diameter (Deq) and Mobility Diameter (Dm)
Measurements of agglomerate projected properties
were done with the aid of image analysis software
(Digital Micrograph 3, Gatan Inc.). Agglomerate
properties quantified using image analysis included
projected area Aagg and the maximum projected
length Lmax. The projected area of an individual ag-
glomerate was measured, and subsequently the pro-
jected area equivalent diameter Deq was calculated.
The projected area equivalent diameter Deq is defined
as the diameter of a circle of the same area as the
particle under consideration. In the present study,
the mobility size distribution and the number con-

centration per size bin of the agglomerates were con-
tinuously monitored in real time by an SMPS with 2
min scans. Size distribution (expressed as a function
of Dm) scans during SEM filter exposures were com-
pared to the Deq number size distribution obtained
using image analysis. The SEM filters were exposed
to the particles for about a minute. SMPS and SEM
number size distributions are described using lognor-
mal size distributions [56]. Figure 2 shows the 1 min
time-averaged Deq number size distribution for the
soot particles, which were size selected at Dm �
400 nm. Also shown in Fig. 2 is the 2 min time-
averaged Dm number size distribution of the particles
obtained from the SMPS, with heights normalized to
match the frequency of particles observed by SEM
image analysis. The asymmetrical deviation from a
lognormal distribution in the lower diameters (i.e.,
the peaks below 300 nm) of the SMPS number size
distribution is due to an artifact of the TSI charge
correction algorithm used by the SMPS [40,46]. The
large values of the lower size bins ��300 nm� of
the SEM number size distribution can be attributed
to fragmentation of larger particles during their low-
pressure impaction onto the SEM substrate [57].
Otherwise, both distributions are similar, with the
geometric standard deviation �g of the SEM Deq size
distribution ��g � 1.41� being slightly higher than
that of the SMPS Dm number size distribution ��g

� 1.19�, because the SMPS measures only particle
diameters below 670 nm. It has been shown previ-
ously for TiO2, Si, and diesel exhaust agglomerates
that their projected area equivalent diameter is ap-
proximately equal to their mobility diameter [57,58].
In the present study, the count median diameter
(cmd) of the SEM Deq number size distribution was
observed between 420 and 430 nm, suggesting that
the projected area equivalent diameter of an agglom-
erate approximates its mobility diameter with

Deq � Dm
1.01. (20)

Fig. 2. SEM projected area equivalent diameter �Deq� and the
SMPS mobility diameter �Dm� number size distribution for soot
particles, which were size selected at Dm � 400 nm by the DMAs.
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This relationship is extremely useful since it relates
two-dimensional projected properties of an aggregate
to its mobility size.

2. Monomer Size Distribution
To measure the monomer properties, monomers
clearly distinguishable in agglomerates were selected
and their diameters were measured. Köylü and Faeth
[59] showed that for flame-generated aggregates the
monomer diameter typically follows a Gaussian dis-
tribution with standard deviations up to 25%. Figure
3 shows our monomer size distribution for ethene-
generated soot aggregates with a number size distri-
bution that can be described by a monomodal
lognormal size distribution with a mean monomer
diameter of 45.5 nm and a standard deviation of
5 nm. Equations (10) and (15) use higher moments
(sixth and third, respectively) of the monomer size
distribution for the calculation of aggregate scatter-
ing and absorption cross sections. The moments of a
certain finite size population can be estimated using
the sample tth moment 1�v��i�1�

�v� Xi
t applied to a sam-

ple X1, X2, . . . , Xv drawn from the population. It can
be trivially shown that the expected value of the sam-
ple moment is equal to the tth moment of the popu-
lation, if that moment exists, for any finite sample
size v. It is thus an unbiased estimator of scattering
and absorption. The expected value of the third and
the sixth moments of the monomer number size dis-
tribution were calculated to be 46 and 47 nm, respec-
tively.

3. Number of Monomers (N)
Empirical formulas relating various structural pa-
rameters of soot particles often assume uniform
monomers in point contact with each other. Real soot
aggregates have overlap between monomers that
may be explained by the presence of organic carbon
(OC) [60,61]. Leonard et al. [61] measured the ratio of
OC to elemental carbon (EC) mass in soot produced in
a laminar, ethene diffusion flame and found a strong

linear correlation between the OC�EC ratio and the
global fuel-air equivalence ratio. A high OC content
results in: (1) an OC coating over EC monomers in
point contact with each other, leading to increased
overlap (i.e., “necking”) between the monomers in an
agglomerate, and (2) a lower imaginary component of
the coated monomer refractive index compared to
pure EC monomers. Also, the two-dimensional pro-
jection introduces additional “apparent” overlap.
These overlap phenomena can be taken into account
by calculating (in three dimensions) the total mono-
mer number N in a soot cluster from the agglomerate
projected area Aagg as [62]

N � ka�Aagg�Ap��, (21)

where � is an empirical projected area exponent
(“monomer overlap exponent”), ka is a prefactor con-
stant, and Ap is the average monomer area. Because
the soot particles produced by our system were
thickly coated with OC (see Fig. 4), it was not possi-
ble to determine the correct overlap factor between
the monomers from the SEM images, and we use
previous results instead. Using stereopair observa-
tion, Samson et al. directly determined N for a collec-
tion of 39 aggregates for 5 � N � 162 that were
captured from the plume of a smoking diffusion acet-
ylene flame [62]. The values of Aagg for the same pop-
ulation were determined with � � 1.09 and ka � 1
[63], in agreement with Cai et al., who determined
� � 1.09 for soot from a premixed flame [37]. Re-
cently, results proposed by Köylü et al. [64] for soot
fractal aggregates based on both numerical and ex-
perimental data have confirmed that the power-law
of Eq. (21) provides an excellent fit to the data. Their
least-squares fit value for � was 1.10, while the value
of ka � 1.15 was significantly larger than earlier es-
timates of unity for this parameter. Since the value of
� � 1.09 has been generally accepted, we use it in this
study. The value of ka is taken to be unity. Equations

Fig. 4. Magnified micrograph of a soot aggregate from this study,
highlighting its “fluffy” nature and the high degree of overlap
between the monomers.

Fig. 3. Monomer number size distribution of the soot aggre-
gates.
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(18) and (19) demand N as a function of Dm; hence, we
use the relationship of Eq. (20) and relate N and Dm

using the following expression:

N�Dm� � 4 � 10	14�Dm�5 	 2 � 10	10�Dm�4

 4 � 10	7�Dm�3 	 2.3 � 10	2�Dm�  0.8559.
(22)

4. Radius of Gyration Rg

The radius of gyration Rg is an important aggregate
property, needed for the calculation of fractal dimen-
sion, and the form factor [Eqs. (2), (11)–(13)]. Several
authors have suggested that Rg can be extracted from
Imax, the maximum projected length of an agglomer-
ate [62,64,65]. Puri et al. [65], using the stereopair
agglomerate measurements of Samson et al. [62], ob-
tained results using a 36-aggregate sample of over-
fire soot from an acetylene flame and reported
Lmax��2Rg� � 1.78. Their results showed an unusually
small value of D, possibly due to errors related to
their relatively small aggregate sample. Köylü et al.
[64] have investigated experimentally and numeri-
cally the projected as well as the three-dimensional
structural properties of soot aggregates and sug-
gested Lmax��2Rg� � 1.49 for aggregates with N �
100. Oh and Sorensen [66] give Lmax��2Rg� � 1.45 for
their numerically simulated aggregates. More re-
cently, Brasil et al. [67], based on their simulation
results, suggested Lmax�2Rg � 1.50 � 0.05 for all
ranges of N and monomer overlap factors.

To choose an appropriate Lmax to Rg ratio, we cal-
culated the radius of gyration values in the two-
dimensional plane Rg,2 for a statistically significant
number of individual agglomerates, computed their
ratios to their respective Lmax, and compared their
mean ratio value to past simulation results to extract
the actual Rg empirical relationship. Thirty magni-
fied images of individual agglomerates were selected,
and each of them was individually threshed. Thresh-
ing is an automated procedure that converts the im-
age into a two-shaded (black and white) image, where
black pixels represent part of the agglomerate and
white pixels represent everything else (not part of the
agglomerate). A picture editor was used to carefully
remove all unwanted darkness in the picture back-
ground not belonging to an agglomerate (including
unoccupied areas within the cluster) in order to get a
clean picture of the soot agglomerates. The total
darkness of an agglomerate obtained from the two-
shade information can then be defined as D2, where
D2 is the sum of all individual darkness levels for all
the pixels in an agglomerate with

D2 � �
x,y

D2�x, y�. (23)

This sum is over all the pixels designated uniquely
by the ordered pairs (x, y). D2 is the total projected
area, which for D � 2 is approximately proportional
to the total mass of an agglomerate. The Rg,2 of a
single agglomerate then can be calculated as

Rg,2
2 � D2

	1�
x,y

D2�x, y��r��x, y� 	 r�cm�2. (24)

In Eq. (24), r�cm is the position of the agglomerate
center of mass, and is found by

r�cm � D2
	1�

x,y
D2�x, y�r��x, y�. (25)

The value of Rg,2, for obvious reasons, is always less
than the Rg value for an agglomerate. The Rg,2 value
of each of the 30 agglomerates was calculated indi-
vidually, and their Lmax to Rg,2 ratios were averaged to
yield a mean value of 3.7 � 0.05. This value agrees
well with the findings by Köylü et al. [64]. Hence, we
make use of their relationship Lmax��2Rg� � 1.49 for
calculating the value of Rg of an agglomerate. Using
this conversion factor, the Rg values of �200 individ-
ual agglomerates were extracted from the measured
values of their corresponding maximum projected
lengths. It was found that Rg scaled to the projected
area equivalent diameter Deq with a power-law rela-
tionship (Fig. 5) as

Rg � krDeq
�r � 0.19Deq

1.17, (26)

where �r � 1.17 � 0.02 is the exponent characteriz-
ing the power law relationship and kr � 0.19
� 0.02 is a proportionality constant. Using the em-
pirical relationship [Eq. (20)] between Deq and Dm,
this power-law relationship can be extended to the
mobility diameter as

Rg � krDm
0.99�r � 0.19Dm

1.16. (27)

5. Fractal Properties
As discussed earlier, soot aggregates can be approxi-
mated as fractal-like objects possessing scale-invariant
symmetry satisfying Eq. (2). In this equation, the ag-
gregates are assumed to consist of identical size mono-
mers, while in reality a monomer size distribution is
encountered and the mean value of monomer diameter
is used. Unfortunately, a direct evaluation of the frac-
tal dimension from Eq. (2) requires extensive exami-
nation of stereopairs of agglomerates in order to record
the three-dimensional features. Information of this
type is often difficult to obtain, as it requires the use of
sophisticated electron microscopes and extensive hu-

Fig. 5. Relationship between the radius of gyration Rg and the
projected area equivalent diameter Deq for the soot aggregates.
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man labor. However, several simplified methods based
on projected aggregate dimensions have been devel-
oped, as discussed by Jullien and Botet [50]. Nelson
et al. [68] presented a method to obtain the fractal
dimension from projected images of smoke aggregates.
Although this method is theoretically based, it is dif-
ficult to use for practical purpose, as it requires a priori
knowledge of projected fractal dimension. Köylü et al.
[64] suggested the following expression to obtain D
from the slope of a log-log plot of N versus Lmax��dp�:

D � DfL �

ln�N
kL
�

ln�Lmax

dp
�, (28)

where DfL represents the slope, kL (a correlation pref-
actor similar to k0) determines the magnitude of the
least-squares linear fit to the data in the N versus
Lmax�dp plot. Using Eq. (2) and (28), the following
alternative expression for k0 can be obtained

k0 � kL�Lmax

Rg
�D

, (29)

where (from Subsection 4.A.4) we obtained the value
of Lmax�Rg � 3.0. Therefore, k0 is directly related to
the value of kL obtained from the log–log plot of N
versus Lmax�dp as

k0 � kL�3.0�D. (30)

Figure 6 shows a log–log plot of N versus Lmax�dp for
the population of aggregates, yielding a best correla-
tion fit with D � 1.70 � 0.04 and kL � 1.32 � 0.1.
Using the conversion factor in Eq. (28), the mean
value of k0 was calculated to be 8.54. The value of D
is in good agreement with estimates of earlier studies
[37,41,55,62–64]. The value of k0 agrees well with the
findings of Köylü et al. [64], who reported k0 � 8.5 for
soot aggregates from buoyant turbulent diffusion
flames at long residence times. Our value of k0 also
agrees within experimental uncertainties with esti-
mates of Puri et al. [65] based on measurements of
Samson et al. [62] and Megaridis and Dobbins [63].

B. Comparison of the Rayleigh–Debye–Gans Predicted
Values with Measurements

Equations (18) and (19) give scattering and absorp-
tion coefficients for a polydispersive number size dis-
tribution of aggregates. The use of these expressions
requires knowledge of the refractive index of soot in
addition to the variables discussed in Subsection
4.A.1. The refractive index of soot is poorly known
because of the combined effects of the uncertainty
in its measurement, and because of its dependence on
combustion conditions. The most commonly cited
value of m � 1.57–0.56 i is used for our theoretical
calculations [69–71]. For the lognormal number size
(i.e., the projected area equivalent diameter) distri-
bution of the agglomerates (see Subsection 4.A.1), the
geometric standard deviation of �g � 1.41 was used to
include the larger agglomerates, which may contrib-
ute significantly to the scattering coefficient. The ex-
pected value of the third and the sixth moments of the
monomer number size distribution (see Subsection
4.A.3) was used for the calculation of the RDG ab-
sorption and scattering cross sections [Eq. (10) and
(14)], respectively. The value of n, the total agglom-
erate number concentration, which goes into the log-
normal size distribution equation, was obtained by
averaging the total number concentration count by
the CPC during the SEM filter exposure time period.
During the SEM filter exposure time period of �1
min, the mean n was measured to be 16,800 �
784 cm	3, while the averaged values of Bsca and Babs

measured by the IPN were 129 � 11 Mm	1 and 766
� 47 Mm	1, respectively. By making use of the Dob-
bins and Megaridis [41] form factor [Eq. (11)] and
numerically integrating the RDG single particle scat-
tering and absorption cross sections [Eqs. (10) and
(14)] over the lognormal aggregate number size dis-
tribution yields Bsca

agg � 118 Mm	1, and Babs
agg �

839 Mm	1. Use of the Köylü and Faeth [38] form
factor, on the other hand, yields a larger Bsca

agg �
234.4 Mm	1. This difference is due to the different
onset mechanism of the power-law regime for the two
form factor expressions. The extended Guinier re-
gime formulation, adopted by Dobbins and Megaridis
[41], predicts very good agreement with agglomerate
scattering data within a range of �k2Rg

2�1�2 � 2 for ka
up to 0.25. For our set of data with ka � 0.16,
�k2Rg

2�1�2 � 2 would correspond to a mobility diameter
of 635 nm. The lognormal probability distribution for
n in our study suggests that �92% of the particles are
smaller than Dm � 635. This implies that application
of the extended Guinier regime formulation for the
form factor is appropriate, explaining the good agree-
ment with the experimental Bsca measurements. The
Köylü and Faeth [38] form factor, on the other hand,
predicts the onset of the power-law regime at �k2Rg

2�
� 0.63 for D � 1.703. For our data, this limit corre-
sponds to Dm � 285 nm. Below this mobility diame-
ter, the lognormal probability distribution represents
less than 30% of the total particles. As discussed in
Subsection 3.A, the form factor in the power-law re-
gime is independent of N and does not take into ac-

Fig. 6. Log-log plot of N versus Lmax�dp for the population of soot
aggregates.
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count the effects of multiple scattering. However, it
depends strongly on the aggregate arrangement, the
effects of which average out for an ensemble of ag-
glomerates. Based on this reasoning, the overestima-
tion of Bsca

agg by using the Köylü and Faeth [38] form
factor expression can be attributed to the early onset
of its power-law regime. A quantitative error propa-
gation analysis of the theoretically determined Bsca

agg

and Babs
agg values is a complicated task because of the

lack of knowledge of the uncertainties involved in the
various empirical formulations connecting the two-
dimensional to the three-dimensional structural pa-
rameters, and the refractive index. At best, a
sensitivity analysis of the various parameters in-
volved in Eq. (18) and (19) can be performed, which is
explained comprehensively in Subsection 4.E. Error
analysis for the IPN data is discussed elsewhere
[39,43,72].

C. Comparison with Mie Theory

The Mie solution [73] to Maxwell’s equations is a
complete analytical solution for the scattering and
absorption of electromagnetic plane waves by homo-
geneous, spherical particles. In contrast to Rayleigh
scattering theory, Mie theory is parameterized by the
size parameter, the ratio of particle circumference to
wavelength, and the complex refractive index. In this
paper, we apply Mie theory to the agglomerates by
using their volume-equivalent diameter, Dve, which is
the diameter of a sphere with the same volume as the
agglomerate and can be written in terms of the num-
ber of monomers N as

Dve � �N1�3�dp. (31)

The relationship between the volume-equivalent di-
ameter Dve and the mobility diameter Dm is shown in
Fig. 7. Dve is roughly equal to Dm at very small diam-
eters, whereas as the mobility diameter increases,
the value of Dve is almost a factor of 3 smaller at very

large mobility diameters ��2000 nm�, which is con-
sistent with previously published results [74–76].
This is due to the fact that nonspherical particles
generally experience larger aerodynamic drag forces
than volume-equivalent spheres and are therefore
“sized” by an SMPS or DMA as a mobility-equivalent
sphere that is larger than the volume-equivalent
sphere [75–77]. For very small agglomerates consist-
ing of only a few monomers, however, drag forces are
comparable to the volume-equivalent sphere. This is
especially obvious for the cases of one or two mono-
mers. Mie calculations were integrated over the
volume-equivalent diameter Dve number size distri-
bution of the agglomerates, and the scattering and
absorption coefficients were calculated to be 411 and
895 Mm	1, respectively. The prediction of the scatter-
ing coefficient by volume equivalent Mie theory is
�3.2 times higher than the experimental data while
the absorption coefficients compare reasonably well.
This clearly underlines the stronger effect of mor-
phology on scattering than on absorption, which will
be further discussed with an emphasis on intuitive
understanding.

The ratio of volume-equivalent Mie and RDG cross
sections Csca

Mie�Csca
RDG, calculated for D � 1.70, dp �

47 nm, and m � 1.57–0.56 i, is shown in Fig. 8 as
function of the monomer number N. At very small
values of N ��10�, Mie and RDG scattering cross sec-
tions compare well. Theoretically, as N approaches 1,
the ratio Csca

Mie�Csca
RDG should converge to 1. However, in

Fig. 8, they converge at a lower value of 0.8 because
of the extensive use of empirical relationships involv-
ing significant error margins. As N increases, the
scattering cross-section ratio increases monotonically
until it reaches its peak of approximately 2.15 at
N � 440 and then decreases monotonically. In the
small N limit, particles are small enough (i.e., kDve

� kNa �� 1) so both RDG and Mie theory can be
approximated using Rayleigh scattering theory,

Fig. 7. Relationship between volume-equivalent diameter �Dve�
and mobility diameter �Dm� of the soot aggregates with D � 1.70
and dp � 45.5 nm.

Fig. 8. Ratio of volume-equivalent Mie and RDG cross sections
Csca

Mie�Csca
RDG, calculated for D � 1.70, dp � 47 nm, and m �

1.57–0.56 i, versus N.
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which treats particles as consisting of uniformly
spaced oscillating dipoles, scattering in phase. This
coherent scattering occurs only when the wavelength
of light is much larger than the maximum distance
between dipoles. In this small particle (i.e., coherent)
scattering regime, scattering amplitudes add coher-
ently and the scattering cross section is proportional
to the particle volume (or monomer number N)
squared. This explains why we see very good agree-
ment between Mie and RDG at very small values of
N. For a particle maximum length approaching the
wavelength, the scattering becomes partly incoher-
ent, with much smaller scattering cross sections than
for coherent scattering from the same volume or
monomer number. For identical monomer numbers,
the maximum dimension is much smaller for compact
monomer arrangements (e.g., spheres, D � 3), result-
ing in a larger cross section than for more fluffy or
stringy arrangements with smaller fractal dimension
and larger maximum length resulting in less coher-
ent scattering. Thus, the concept of prolonged coher-
ent scattering by a volume-equivalent sphere when
compared to its volume-equivalent agglomerate can
explain the observed increase in the Mie�RDG cross-
sectional ratio (see Fig. 8) for N � 440, after which
the coherence effects die out, resulting in a decrease
of the Mie�RDG cross-sectional ratio. A recent study
by Yang et al. [78] observed a similar trend of in-
crease in scattering cross section with increasing
sphericity of ice crystals.

Absorption, on the other hand, is an incoherent
process resulting in a small particle (or Rayleigh)
regime absorption cross section proportional to the
particle volume. This also holds for the RDG formu-
lation (see Section 3). Volume-equivalent Mie theory
and RDG absorption cross sections both divided by
particle volume are shown in Fig. 9. For small mono-
mer numbers N, the volume-normalized Mie and
RDG cross sections compare very well. As N starts to
increase, their ratio increases slightly, after which it
starts to decline due to the transition from being a

volume to a surface absorber in the geometric-optics
regime while RDG retains the volume-absorbing
property for any monomer number.

D. Comparison with IEFS Formulation

IEFS is an electromagnetic method, which can be
used to calculate optical cross sections of particles
of arbitrary shape [19–21]. Disadvantages of this
method include (1) it requires a priori knowledge of
the monomer positions within each agglomerate to
calculate the optical cross sections, and (2) it is com-
putationally intensive for treating large and�or poly-
dispersive agglomerates. These disadvantages limit
us from directly using IEFS for this study. However,
we compare our results with the results of past work
that has applied this formulation to soot-like aggre-
gates. We use the results of Farias et al. [21], who
compared the IEFS formulation for agglomerates
with the RDG approximation over a broad range of
monomer refractive indices and size parameters ka,
and compare our analysis with their results. To do so,
we first calculate the number of monomers N using
the values of D � 1.70, k0 � 8.54, Rg � 217 nm, and
a � 23 nm, corresponding to the mean aggregate
mobility diameter �Dm � 400 nm� of the distribution
of soot agglomerates used in our study. Our calcula-
tion yields a value of N � 125. Since our soot popu-
lation is not purely monodispersive, we also consider
the worst-case scenario of N � 260 corresponding to
Dm � 560 nm (the mobility diameter value corre-
sponding to one standard deviation of the lognormal
probability distribution). We also have ka � 0.17 and
|m 	 1| � 0.80. In Figs. 1 and 2 of their paper,
Farias et al. [21] plot contours of the deviation of the
IEFS formulation result and the RDG theory on
graphs with ka and |m 	 1| as axes for values of N
up to 256. When compared with their results, we find
a difference smaller than 10% between our RDG cal-
culations and the IEFS formulation. The agreement
is very good, as explained by Farias et al. [21], be-
cause of the canceling effects of large refractive indi-
ces ��1� and optical size parameters on the optical
properties, thereby bringing the electromagnetic re-
sult close to the RDG prediction.

E. Sensitivity of the Calculated Optical Coefficients

The degree of sensitivity of the calculated optical
coefficients to changes in the assumed particle char-
acteristics can be assessed by varying the character-
istics systematically. The parameters F(m) and E(m)
appearing in Eqs. (10) and (15) are multiplicative
constants, so the calculated optical coefficients using
Eqs. (18) and (19) will vary proportionally with these
parameters. F(m) and E(m) are determined from a
given complex index of refraction, and we used the
Dalzell and Sarofim [75] refractive index m �
1.57–0.56 i of soot, resulting in agreement to within
10% of our experimentally measured optical coeffi-
cients. Alternative literature values include (a) m �
1.79–0.57 i, calculated from the analytical expression
given by Chang and Charalampopoulos [79] for our
wavelength of 870 nm result in agreement to within

Fig. 9. Volume-normalized Mie and RDG cross sections versus
monomer number N.
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15% of our experimentally measured optical coeffi-
cients; and (b) m � 1.55–0.8 i given by Mulholland
and Choi [80] result in agreement to within 25% of
experimentally measured optical coefficients. Other
parameters that can be varied to determine their
influence on the calculated scattering and absorption
coefficients are listed in Table 1. The influence of each
of these parameters on the optical properties as well
as other parameters is explored separately and re-
ported in Table 1 in terms of the percent difference
from the experimental measurements. Based on the
results of Table 1, the following paragraph provides a
brief discussion on the sensitivity of the different pa-
rameters on the calculated optical properties.

First we examine the effect of using a mean mono-
mer diameter dp of 45.5 � 5 nm on the mass fractal
prefactor k0, and the two optical coefficients. Rows
1–3 show that Bsca

agg is much more sensitive than Babs
agg to

change in dp (especially to a decreasing value). The
effect on k0 is less significant. Next we examine the
effect of the overlap coefficient � on the fractal dimen-
sion D, k0, and the optical coefficients. Rows 4–6
show that a higher overlap coefficient has a more
pronounced effect on k0, Bsca

agg, and Babs
agg, whereas its

effect on D is only linear in nature. Rows 7–12 show
the effect of �r (power-law exponent relating radius of
gyration to mobility diameter) and kr (prefactor re-
lating radius of gyration to mobility diameter) on Bsca

agg.
Sensitivity of both of these parameters on Bsca

agg follows
a similar trend, i.e., percent changes in Bsca

agg during
decrease as well as increase of the values of both
these parameters are comparable. Rows 13–15 show
that a �11% change in fractal dimension D causes k0
to change markedly, while causing a near linear
change in Bsca

agg. Rows 16–18 show that a 12.5% change
in the count median diameter causes the Bsca

agg value to
change between 30%–40%, while the Babs

agg value gets
altered by 25%–30%. Finally, the effects of the geo-
metric standard deviation parameter �g are exam-
ined in rows [19–21]. The sensitivity of Bsca

agg and Babs
agg

to an increase in the �g are more pronounced than to
a decrease.

5. Conclusions

The optical properties of overfire size-selected soot
were measured experimentally using nephelometry and
photoacoustic-spectroscopy techniques. The Rayleigh–
Debye–Gans (RDG) approximation was used to
calculate the optical properties of the soot sample.
Parameters that went into the RDG approximation
formulation were obtained using SEM analysis of
the soot sample. The theoretical and experimental
values of scattering and absorption coefficients
agree well within their uncertainties ��10%� for the
traditional soot refractive index value of 1.57–056 i.
The use of newer values for the refractive indices of
soot in the RDG approximation yields results within
25% of the experimental results. Theoretical calcula-
tions using the RDG approximation involved use of
two different form factor expressions, namely, the
Dobbins and Megaridis [41] expression (based on the

extended Guinier regime formulation), and the Köylü
and Faeth [38] expression. Use of the Dobbins and
Megaridis [41] form factor expression in the RDG
approximation yields optical coefficients that agree
very well with the experimental data, mainly because
of the fact that the size of 90% of the soot particles
used lies in the Guinier�extended Guinier regime.
While this is promising, additional work at conditions
that extend farther into the power-law regime is
needed to establish reliably the effectiveness of the
RDG approximation for soot optical properties. The
RDG-predicted results were also compared with
results obtained by Mie scattering and absorption
theory for spheres. Comparison of the RDG approxi-
mation with exact electromagnetic theory for agglom-
erates was beyond the scope of this study.
Nevertheless, a comparison of our results with those
of Farias et al. [21], who applied exact electromag-
netic theory to numerically generated agglomerates,
predicted a maximum error of �10%. Sensitivity
analysis of the various parameters involved in the
RDG formulation showed that the optical coefficients
were pronouncedly sensitive to changes in mean
monomer diameter of the agglomerates, and the
count median diameter and the geometric standard
deviation of the agglomerate number size distribu-
tion.
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