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Many common observations are inexplicable by single-scattering arguments: the variation of
brightness and color of the clear sky; the brightness of clouds; the whiteness of a glass of milk; the
appearance of distant objects; the blueness of light transmitted in snow and other natural ice
bodies; the darkening of sand upon wetting. Yet multiple scattering is seldom mentioned in optics
textbooks. It is possible to understand many observable phenomena without invoking the
complete theory of multiple (incoherent) scattering. A simple two-stream theory, in which
photons are constrained to be scattered in only two directions, forward and backward, is adequate
for interpreting many observations, even quantitatively, and it paves the way for advanced study.

I. INTRODUCTION

Multiple scattering of light gives rise to observable phe-
nomena that cannot be explained by single-scattering argu-
ments. For example, if single scattering prevailed in the
atmosphere the sky would be uniform in color, which is
contrary to what is observed. Clouds are white and bright
mostly because of multiple scattering. Attenuation of visi-
ble light by ice grains is not spectrally selective, and yet
crevasses and ice caves and even holes in ordinary snow
may display hues more vivid than those of the bluest sky.
Milk is a suspension of small particles that scatter blue light
more than red, and yet a glass of milk is white. A white
sandy beach—or salt, or sugar—has properties not shared
by its grains. And who has not noticed sand darken after
being washed by waves, or soil darken when wet by rain?

Single-scattering arguments are insufficient to explain
these common observations. Yet multiple scattering is sel-
dom mentioned in optics textbooks. A student or teacher
who would learn something about multiple scattering must
consult monographs such as those by Chandrasekhar' or
by van de Hulst.> Although these are invaluable for special-
ists, neophytes are likely to find them formidable: They
emphasize techniques for solving equations rather than de-
veloping physical intuition by explaining observations us-
ing simple models.

Because of this lack of suitable introductory treatments
of multiple light scattering, I offer the following. My pur-
pose is to convey as much physical understanding as possi-
ble from the least amount of mathematics. Approximate
equations, which can be solved exactly, are derived, rather
than exact equations which can be solved only approxi-
mately. This provides a simple theoretical framework for
interpreting many observations. As an intended side effect,
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the terms and concepts found in advanced treatises are in-
troduced, thereby smoothing the way for further study.

II. TWO-STREAM EQUATIONS OF RADIATIVE
TRANSFER

Any scattering medium is composed of discrete scat-
terers, be they molecular or particulate. Since it is inconve-
nient to consider this discreteness explicitly, we usually re-
place discrete media with hypothetical continuous media,
the scattering and absorption properties of which are deter-
mined by those of the former. The resulting continuum
theories are applicable to discrete media provided they con-
tain a great many scatterers in any volume of interest.

Throughout this paper incoherent scattering is assumed,
that is, we do not take into account phase differences
between scattered waves. Coherent scattering is treated in
Refs. 3-7. There is no sharp boundary between coherently
and incoherently scattering media. There are merely differ-
ent approximate theories, in some of which phases are tak-
en into account and in others they are not, which are ap-
plied with varying degrees of success to the prediction and
interpretation of observations. An ordinary cloud is a typi-
cal medium in which incoherent scattering dominates what
is observed, whereas a glass of pure water is a medium in
which coherent scattering dominates (see, e.g., Ref. 8 for a
good discussion of the scattering interpretation of Fresnel’s
equations).

We also assume that radiation can be scattered in only
two directions, forward and backward. Finally, polariza-
tion is ignored.” These simplifying assumptions keep the
mathematics manageable without greatly distorting our
picture of reality. They underlie the elementary two-stream
theory first set down by Schuster.'® Subsequently, other
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Fig. 1. Conservation of radiant energy applied to theregion Azin a scatter-
ing-absorbing medium of infinite lateral extent yields the two-stream
equations of transfer for the downward and upward intensities /, and 1, .

two-stream equations have been derived (e.g., Refs. 11-13;
see Refs. 14 and 15 for comparisons of various two-stream
theories), usually by beginning with the integro-differen-
tial equation of radiative transfer and making various ap-
proximations. Our approach is to sidestep the exact equa-
tion and give a physical derivation similar to that of
Schuster’s. '’

After a photon is emitted it suffers only one of two fates
when it interacts with matter: (1) it is absorbed, that is, it
ceases to exist, although its energy is taken up by whatever
it interacts with; or (2) it is scattered, in which instance it
survives the interaction intact but possibly changes direc-
tion. Consider a continuous scattering—absorbing medium,
infinite in lateral extent, bounded by parallel planes (i.e., a
plane-parallel medium). We assume that photons are emit-
ted only by sources outside this medium. To derive the
equations of radiative transfer for it we apply a radiant
energy balance to a small region Az (Fig. 1). Photonsin a
given direction incident on this region are lost by absorp-
tion and by scattering within it. But there is also a gain of
photons because those in one direction are scattered into
the opposite direction. By 7, is mean the amount of radiant
energy in 2 narrow frequency interval that crosses unit area
per unit time in the downward direction. I shall call I, the
monochromatic intensity in the downward direction, or
simply the downward intensity.'® I, is defined similarly for
the upward direction.

I, and I, change, in general, with the depth z into the
medium because of absorption and scattering, which are
specified by the (volumetric) absorption coefficient x and
the (volumetric) scattering coefficient 3. These cannot be
obtained within the framework of radiative transfer theory
(a macroscopic theory); recourse must be had to micro-
scopic theories. For a collection of independent identical
scatterers the scattering coefficient 3 is simply the individ-
ual scattering cross section times the number density
(number per unit volume). Thus 1/8 has the dimensions
of length and may be interpreted as the scattering mean free
path (i.e., the average distance between scattering events).
Similarly, « is the absorption cross section times the num-
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ber density and 1/« is the absorption mean free path.

One further assumption will be made before proceeding:
There are no time delays. That is, the dimensions of the
medium are such that any change in the external illumina-
tion is felt instantaneously throughout it.

Now we apply conservation of radiant energy to Az, first
for the downward intensity:

I1,(z) + BAzp, I, (z + A2)

=kAzl (z) + BAzp, I, (2) + 1, (z + Az), (1)
where p,, is the probability that a photon directed down-
ward is scattered upward (and similarly for p,, p,,, and
P., ). The terms on the left side of Eq. (1) are gains, while
those on the right side are losses. If we divide both sides of

Eq. (1) by Az and take the limit as Az— 0, we obtain the
following differential equation:

dl,

—= —«l, —pp, 1, +PBp:. 1, (2)
dz
and similarly for the upward intensity:
dl
—dz—T=KIT +BPNIT _ﬂpulx . (3)

The sign reversal between Eqgs. (2) and (3) occurs because
the downward intensity is attenuated in the direction of
increasing z, whereas the upward intensity is attenuated in
the direction of decreasing z.

We take the medium to be isotropic, that is, p,, =p,
and p,, =p,,. This is to be distinguished from isotropic
scattering (p,, = p., and p,, =p, ) or an isotropic radi-
ation field (I, = I,). As we shall see, isotropic scattering
does not necessarily give rise to an isotropic radiation field,
nor does anisotropic scattering necessarily give rise to an
anisotropic radiation field. Examples of isotropic media are
collections of spherical scatterers or randomly oriented
nonspherical scatterers. A medium composed of non-
spherical oriented scatterers is anisotropic.

In our model, photons must be scattered either forward
or backward, which requires that

Py +py=p, +p,=1. (4)
The asymmetry parameter g, defined as the mean cosine of

the scattering angle (which for us has only two values, 1
and — 1)

gz(l)pu+(_1)p“ (5)
is a single number that specifies the degree of anisotropy of
the scattering. It lies between 1 (strict forward scattering)
and — 1 (strict backward scattering); it is O for isotropic
scattering. From Eqgs. (4) and (5) it follows that the four
probabilities in Eqgs. (2) and (3) can be expressed in terms
of g only:

Py =p,=1-8/2, p,=p,=(1+g)/2. (6)

If we divide Egs. (2) and (3) by x + $3, transform the
variable from physical depth z to optical depth r defined by

¢=f (x+p)dz, (N
0
and use Eq. (6), Egs. (2) and (3) become
dl _
el A R 4 A N el (8)
dr
dI _
_r=11_501+g11'-501 g111 (9)
dr

Craig F. Bohren 525



where the single-scattering albedo @, is defined as 8/
(x + ). If the medium is uniform, the optical depth,
which is dimensionless, is z(« + /), and may be interpret-
ed as the depth in units of total mean free path 1/(«x + 8).
Because the absorption and scattering coefficients depend
on frequency, in general, so does the optical depth. The
single-scattering albedo varies between O (no scattering)
and | (no absorption). Both limits are idealizations never
realized in practice.

Equations (8) and (9) are the two-stream equations of
radiative transfer. Although we shall not do so, these equa-
tions can be extended to N streams, in which instance we
obtain /N coupled differential equations of the same form as
Eqgs. (8) or (9) but with NV + 1 terms on the right side; one
term represents attenuation and the N remaining terms
represent all the possible ways in which light is scattered
into one direction from all other directions. In the limit as
N goes to infinity, sums become integrals and the set of
equatizons collapses into a single integro-differential equa-
tion. "

A more compact form of Egs. (8) and (9) is obtained by
first adding and then subtracting them:

L Iy =— U -a), +1,), (10)
dr

A +1) = — U —mo)U, ~1,). (1n
dr

Equations (8) and (9) [or, equivalently, Egs. (10) and
(11)] are consequences merely of conservation of energy
applied to streams of photons constrained to only two di-
rections. Equations like these were first obtained by Schus-
ter,'” although he included emission and restricted himself
to isotropic scattering (g = 0).

Now we shall try to obtain as much physical insight as
possible from these simple equations by solving them sub-
ject to various boundary conditions, by interpreting the
solutions, and by making a connection between them and
observations.

II1. CONSERVATIVE SCATTERING: NO
ABSORPTION

No medium is strictly nonabsorbing. Nevertheless, we
can sometimes ignore absorption and set the single-scatter-
ing albedo to unity without making great errors in calculat-
ed observable quantities (e.g., reflection of visible light by
clouds). With this assumption Egs. (10) and (11) have the
simple solutions

I, =D+C(l—7%), I,=D-C(1+7*), (12)
provided that g is independent of 7, where 7* = (1 — g)7is
the scaled optical depth. The constants C and D are deter-
mined by conditions at the upper (r=0) and lower
(7 = 7) boundaries, where the (total) optical thickness of a
medium with physical thickness 4 is

h
?:J‘ (k+B)dz. (13)
0

A. Equilibrium solution

Suppose that the medium is illuminated from above
[1,(0) =1,] and that a perfect reflector underlies it
[1, @) =1, (7)]. For this case C = 0 and D = I, so that
the radiation field is uniform and isotropic (i.e., I, = I, for
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all 7, and g). This is the equilibrium solution. To under-
stand why this is so called, consider the medium to be en-
closed by two perfect reflectors, above and below. The solu-
tion to Eq. (12) in thisinstance is C = O and D is arbitrary.
That is, if photons are introduced into the medium, they
rattle around (none are absorbed or leak from the medi-
um) until the intensity is everywhere uniform and isotrop-
ic.

B. Reflection and transmission

Suppose that photons that leak out of the lower bound-
ary of the medium are not returned to it, either because
there is nothing to scatter them back or they are absorbed
[ie., I, (F) = 0]. In this case, solution of Eq. (12) yields
the following expressions for the albedo'” (or reflection co-
efficient) R and transmission coefficient T:

R=1,(0)/I,=7/(2 +7),

which satisfy R + T = 1.

Note that only the scaled optical thickness 7* determines
these two observable properties of a (nonabsorbing ) muliti-
ple-scattering medium. Thus two such media are optically
similar if the product of 7and (1 — g) is the same for both
rather than 7 and g separately. Therefore, it is not possible
to determine both 7 and g uniquely by measuring transmis-
sion and reflection.

As the optical thickness increases, R and T approach the
limits 1 and O, respectively. R will be within 1% of its
asymptotic value if 7> 200/(1 — g), which provides a cri-
terion for when a medium can be taken to be optically thick
(i.e., effectively infinitely thick).

If g = 1 (forward scattering only), then R = O regard-
less of the optical thickness. But it does not then follow that
R is necessarily 1 if g = — 1 (backward scattering only).

We get more insight into Eq. (15) if we rewrite it using
Eq. (6): T=1/(1 + p,, 7). The physical interpretation of
this is that photons are lost (strictly) to the downward
stream only if they are scattered in the opposite direction.

For small (scaled) optical thickness we can expand Eq.
(15):

T —7*2~exp( —T*/2), (T*<1).

Thus the incident intensity is attenuated exponentially
only if multiple scattering is negligible. Suppose that once a
photon has been scattered in the backward direction, it is
removed from the medium. In this instance, there is no
multiple scattering, and the corresponding transmission
coefficient exp( —7*/2) is always less than that given by
Eg. (15). All else being equal, therefore, attenuation is less
in a multiple-scattering medium than in a single-scattering
medium, which is perhaps contrary to what one expects
because of the word “multiple.” This is so because photons
scattered out of a particular direction can find their way
back into that direction by being scattered again one or
more times.

(14)
(15)

C. Reflection and transmission by clouds

Multiple-scattering media such as clouds have high albe-
dos (at visible wavelengths) because incident photons ree-
merge after having been scattered many times by particles
that are only weakly absorbing. One cannot explain obser-
vations of clouds on the basis of single-scattering argu-
ments.
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Nevertheless, one encounters frequently the statement
that clouds are white because they are composed of nonse-
lective scatterers. It is true that cloud droplets are so large
compared with the wavelengths of visible light that their
scattering cross sections are nearly independent of wave-
length. This is a sufficient condition for the whiteness of
clouds, but it is not necessary. The converse is not true: A
collection of selective scatterers is not necessarily colored.
For example, milk is a suspension of small particles that
scatter blue light more than red. You can demonstrate this
by adding a few drops of milk to water and illuminating the
resulting suspension with a collimated beam of white light.
The scattered light will be bluish and that transmitted will
be reddish. Yet a glass of milk is white. We can understand
why by differentiating Eq. (14) with respect to the wave-
length A:

4R ___ 2 47

di  (247)* di
If the optical thickness 7* (which is proportional to the
scattering coefficient 3) is independent of wavelength then
so is R. But the converse is not true. For sufficiently large
optical thickness, R is independent of wavelength regard-
less of the wavelength dependence of 7*.

To proceed further we need to estimate the optical thick-
ness of clouds. For simplicity, let us assume that they are
uniform and are composed of droplets all of which have the
same radius a. The optical thickness of a suspension of N
identical particles per unit volume is

F=NC., h=AC./v) h, (17)

where the extinction cross section C,,, is the sum of absorp-
tion and scattering cross sections (i.e., the particle’s effec-
tive cross-sectional areas for removal of photons from a
beam by absorption and scattering), v is the volume of a
particle, 4 is the thickness of the suspension, and f= Nvis
the fraction of the total suspension volume occupied by the
particles. For spheres much larger than the wavelength of
the light illuminating them, C,,, is approximately twice the
geometrical cross section ma? (see, e.g., Ref. 18, p. 107).
Clouds are quite tenuous: fis typically around 31077,
corresponding to a liquid water content of 0.3 g/m —> (Ref.
19, p. 15). Cloud droplets are distributed in size (Ref. 19,
pp. 13 and 14), but a diameter of 10 um is representative.
With these assumptions, the approximate optical thickness
of a cloud is 7 = 100h, where /4 is in km. But it is the scaled
optical thickness that appears in Eqs. (14) and (15), so we
need to estimate the asymmetry parameter g. From the
calculations for water droplets tabulated by Irvine and Pol-
lack,?® it is evident that g = 0.85 is a representative value
for cloud droplets at visible wavelengths, that is, scattering
of light by such droplets is highly peaked in the forward
direction. Thus we obtain 7* ~ 144 as a rough estimate for
the scaled optical thickness of a cloud of physical thickness
h. It follows from this result and Eq. (16) that the albedo of
clouds thicker than aboout 1 km would be nearly indepen-
dent of wavelength regardless of the wavelength depend-
ence of scattering by the individual droplets.

The preceding statements may seem, at first glance, to be
incompatible with the colors seen often in thin clouds or at
the edges of thick clouds when looking toward the sun.
Such colors, called iridescence, are consequences of single
scattering. Although fotal scattering by a cloud droplet is
nearly independent of wavelength, the angular distribution
of the scattered light (i.e., the differential scattering cross

(16)
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section) is not. For more on iridescent clouds see Refs. 21—
24.

It is rare for clouds overhead to be so thick that day
becomes night. From Eq. (15) and our estimate for the
optical thickness of clouds it follows that they would have
tobe more than 15-km thick to transmit less than 1% of the
light incident on them. This would require the atmosphere
to be filled uniformly with clouds from the surface to the
tropopause.

D. Refiection by snow

Snow on the ground is one common example of a multi-
ple-scattering medium that is often sufficiently deep for its
albedo to be close to the asymptotic value. Ice grains in
such snow are not necessarily spherical, although they are
rarely the spatial dendrites favored by painters of Christ-
mas cards (see Ref. 25 for a good discussion of how the
shapes of snowflakes change with time after they settle).
Like cloud droplets, these ice grains are nonselective scat-
terers of visible light. The volume fraction fof snow on the
ground varies, but 0.3 is typical. The extinction cross sec-
tion of any large particle is twice its geometrical cross sec-
tion projected onto the beam illuminating it (Ref. 18, p.
107). Thus the extinction cross section of an ice grain is
proportional to the square of a characteristic linear dimen-
sion d}; its volume v is proportional to the cube of d. For ice
grains in snow a representative value for d is about 1 mm.
Because they are much larger than cloud droplets, scatter-
ing by the grains is more sharply peaked in the forward
direction (i.e., g is closer to 1). Let us therefore take g to be
0.93, a reasonable estimate. Thus we estimate the (scaled)
optical thickness 7 of a snowpack 4 meters deep to be 2004
(for finer grained, denser snow the coefficient of 4 will be
even greater). According to this estimate, snow about 1-m
deep is optically thick (i.e., its albedo is within 1% of the
asymptotic value). Absorption has been neglected; to in-
clude it would reduce the depth snow must be for it to be
considered optically thick. In Sec. IV the observable conse-
quences of not neglecting absorption by ice grains in snow
will be discussed.

It may be inconvenient to tunnel deep into snow to verify
my assertion about the optical thickness of snow. Observa-
tions are made more comfortably above snow. Suppose
that a perfect reflector (i.e., a white surface) underlies the
snow, in which case R = 1. Equation (14) applies to snow
over a perfectly black surface. The difference between these
two extreme albedos, which I shall denote as R, and R, is

R, —R, =2/(2+7%).

Snow therefore does not have to be very deep, perhaps a few
tens of centimeters, before it is not possible to tell what
underlies it, which is often observable. Another observa-
tion you can make is of the comparative brightness of snow
and clouds under similar illumination. Because deep snow
is optically thicker than clouds, snow is usually brigher.

E. Diffuse radiation: Cloud light

Few of us are in the habit of staring directly at the sun,
even when it is partially obscured by clouds. More often,
we see diffuse radiation, that is, radiation that has been
scattered (e.g., cloud light or skylight). If there is no illu-
mination from below, the upward intensity 7, is necessarily
diffuse. To emphasize this, I shall henceforth denote this
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